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Abstract

In this thesis we investigate the equilibrium and dynamic correlations in a number of

model fluids. We make extensive use of the bulk Ornstein-Zernike (OZ) framework for

determining two-body correlation functions, and equilibrium density functional theory

(DFT) for determining equilibrium one-body density profiles.

The main focus of the thesis is a binary fluid of particles that interact through point

Yukawa potentials, which is a simple model for charged colloidal suspensions and dusty

plasmas. We show that given a suitable choice of inter-species interaction parameters the

model system phase-separates into two fluid phases, and the ultimate decay of the corre-

lation functions is monotonic for all mixture state points. Using DFT we investigate the

inhomogeneous density profiles of this binary mixture adsorbed at a number of repulsive

planar walls and find that the model exhibits a wetting transition from partial to complete

wetting.

We investigate the interaction between a large colloidal particle and two planar fluid

interfaces, namely a thick wetting film at a wall, and a fluid-fluid interface. Using the

binary Yukawa model fluid we calculate the equilibrium density profiles of the interfaces

in the presence of a large test particle and determine the effective interaction between

the interfaces and the particle. We show that on varying the location of the test particle

the density profiles exhibit an abrupt change and that the interactions are very strongly

attractive.

Finally, we develop a theory for investigating the dynamics in dense liquids and glasses

via an extension of Percus’ test particle theory. Using dynamical DFT, and an approach

based on equilibrium DFT we calculate the time evolution of the dynamic correlation

functions, and investigate a free energy landscape that underlies the dynamics. We show

that at high densities the free energy curve develops a barrier which indicates temporary

caging of particles by their neighbours. We show that such an approach may be easily

generalised to inhomogeneous systems.
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Chapter 1

Introduction

A convenient starting point for this thesis is to outline the relatively narrow area of con-

densed matter physics that we will be studying. Substances encountered in everyday life,

with a well defined chemical composition, can usually exist in one of three phases; gas,

liquid and solid. Transformations between phases can occur as result of temperature and

pressure changes. An obvious example is water. At standard atmospheric pressure and

at temperatures above 0◦C and below 100◦C it exists as a liquid. By lowering the tem-

perature, or increasing the pressure, water will freeze (crystallise) into ice. By raising the

temperature, or decreasing the pressure, water will boil and vapourise into a gas. For a

small number of substances if the temperature is rapidly decreased (quenched) then the

liquid phase does not crystallise into a solid, but instead remains in a glassy state. A glass

behaves macroscopically like a solid, but the local structure is not crystalline, but remains

random like a liquid [1, 2].

A particularly active area of liquid-state physics is the study of colloidal suspensions,

particles with sizes in the range 10nm-1µm, suspended in fluids. Colloidal suspensions

exhibit a rich range of phenomena and their size allows them to be imaged and manipulated

directly. Moreover, it is often possible to ‘tune’ the interactions in complex fluids, for

example by adding non-adsorbing polymers or ions, so that one may obtain a desired

behaviour [3, 4].

It is fair to say that the properties of simple gases (e.g. noble gases) and solids are

reasonably well understood [1]. However, in liquids both particle interactions and long-

range motion are equally important, and must be treated equivalently. Theories for liquids

based on the solid phase tend to over-emphasise the lattice structure, while those based

1



2 Introduction

the gas phase rely on on low density (virial) expansions and cannot be expected to be

accurate at triple point conditions where liquids are nearly as dense as solids. Instead, it is

necessary to develop theories that treat the liquid phase explicitly [1]. Modern liquid state

theories, along with the results of experiments, and computer simulations have provided

great insight into the behaviour of liquids and colloidal suspensions.

There are a number of fundamental concepts that are common to the study of con-

densed matter, however the one that we focus on within this thesis is that of correlations

between particles and how these vary in both space and time. At the most basic level

we are concerned with the equilibrium correlations between the particles in a bulk fluid.

The radial distribution function, g(r), describes the probability of finding a particle at a

distance r from any other particle, providing information about the structure of a fluid.

For fluids in which the particles interact solely through a pair potential, g(r) can be used

to calculate thermodynamic properties of the system for example the pressure or com-

pressibility. The Fourier space counterpart of g(r), the structure factor, S(q), can also be

readily measured in experiment via diffraction. For colloidal systems g(r) can be measured

directly using real space techniques. One may also generalise the radial distribution func-

tion to describe correlations between particles in inhomogeneous systems, for example near

the walls of a container, in the region between different phases, or around a larger particle

immersed in the fluid. These inhomogeneous systems exhibit rich behaviour [5, 6], some

aspects of which will be investigated in the following chapters. We also investigate the

dynamic correlations between particles which determine quantities such as the diffusion

coefficient, viscosity, etc. The van Hove correlation function, G(r, t), is related to g(r),

but with an explicit time dependence, which describes the diffusion of particles through

the fluid [7].

In much of this thesis we will study a model of a two-component mixture of charged

particles that interact through repulsive Yukawa pair-potentials. Using the Ornstein-

Zernike framework we calculate the radial distribution functions and show that, given a

suitable set of interaction parameters, the mixture separates into two fluid phases. For

the pure Yukawa fluid the ultimate decay of the correlation functions exhibits a cross-over

from monotonically decreasing to damped oscillatory decay with increasing density via

the so-called Kirkwood mechanism [8]. In the mixture, if the fluid does not demix then

the Kirkwood cross-over mechanism still determines the ultimate decay of the distribution

functions. However, if the mixture does phase separate then for all mixture state points
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the ultimate decay is monotonic. Furthermore, the simple random phase approximation

provides a good account of phase separation, and the ultimate decay of correlations. The

same model fluid is then used, within density functional theory, to investigate some of

the properties of inhomogeneous systems, in particular we focus on wetting of a substrate

by the fluid. For suitable wall-fluid interaction parameters we find that there is a first-

order transition from partial wetting to complete wetting, where the thickness of the

adsorbed film diverges logarithmically as we approach coexistence. We also calculate the

one-body density profiles for the free-fluid interface. Using the same model we investigate

the interaction between a large colloidal particle and planar interfaces comprised of much

smaller (Yukawa) particles. Specifically we consider the thick adsorbed film at a wall

and the fluid-fluid interface. The equilibrium density profiles of the fluid in the combined

interface-test particle system and the associated effective interaction exhibit a first order-

like transition from a state where the particle and the interface do not interact, to one

where the interface bends a mesoscopic distance around the test particle.

Finally, we consider the dynamics of liquids, using an extension of the Percus test

particle limit [9] to calculate the van Hove functions. Using a dynamical density functional

theory we show that one may calculate the van Hove functions for fluids, and we investigate

an underlying free energy landscape that determines the dynamics. However, as the density

of the fluid increases the particles become trapped in cages formed by their neighbours,

indicated by a barrier in the free energy landscape. We introduce a new approach for

calculating the van Hove functions and free energy landscapes based on equilibrium density

functional theory. Using this approach we investigate the dependence of the free energy

barrier of hard spheres on the bulk density. Furthermore, both approaches may be easily

generalised to inhomogeneous systems and we show that for systems of hard spheres at

planar walls that the barrier height varies in phase with the local density.

This thesis proceeds as follows: In Chapter 2 we introduce some of the ideas related

to the study of classical simple liquids, focusing on the concepts that will be important

in the following chapters. Chap. 3 introduces the Ornstein-Zernike framework which is

primarily concerned with inter-particle correlations, and density functional theory which

provides a means for calculating one-body density profiles from the minimisation of a grand

potential functional. In Chap. 4 we demonstrate the wetting of a fluid at a substrate via

a simple density functional theory approach. The next four chapters comprise the major

investigations and results of the thesis. Firstly, in Chap. 5, we introduce the binary point
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Yukawa fluid and investigate the bulk behaviour and phase diagram. In Chap. 6 we study

the wetting behaviour and free-interface of the binary point Yukawa fluid. In Chap. 7

we investigate the interactions between a large colloidal particle and fluid interfaces. In

Chap. 8 we examine the dynamic correlations in fluids using the test particle approach.

Finally in Chap. 9 we make a few final remarks.



Chapter 2

Background

In this chapter we outline some basic concepts that we will be using in the remainder of

the thesis. In Sec. 2.1 we define classical fluids and specify the system Hamiltonian, and

the pairwise additive inter-particle potential approximation. We also describe a number

of effective pair potentials. In Sec. 2.2 we show how the Hamiltonian may be used to

generate observable quantities, for example the radial distribution function.

2.1 Classical fluids

We first present a brief introduction to classical fluids highlighting the origin of the fluid

properties that we will investigate. For a more complete description see e.g. Ref. [1].

Classical fluids are those that can be treated in a purely classical way i.e. one can ne-

glect the quantum mechanical interference effects between the subatomic particles. For

pure monotonic atomic systems a simple test for whether we can neglect the quantum

contributions is achieved through the de Broglie thermal wavelength:

Λ =

√

2πβ~2

m
, (2.1.1)

where β = 1/kBT , kB is Boltzmann’s constant, T is the temperature, m is the mass of the

atoms, and ~ = h/2π is the reduced Planck constant. If we define the nearest-neighbour

separation of a fluid of N particles in a volume V by a ≃ ρ−1/3, where ρ = N/V is

the number density of the fluid, then in order to justify a classical treatment of static

properties it is necessary that Λ/a ≪ 1. The use of the classical approximation leads to

an important simplification; the thermal motion of the particles can be separated from

5



6 Background

the particle interactions. It follows that if the particles are massive, and sufficiently well

separated then the classical theory is a very good approximation. This is evidently true

for colloidal suspensions.

We consider a fluid of N particles with positions ri, momenta pi and mass m in the

presence of an arbitrary external field, Vext(r). Assuming that we are in the classical

limit the Hamiltonian is given by HN = K + U + Vext where the contributions are due

to the (classical) kinetic energy, the total inter atomic potential (not necessarily pairwise

additive), and the external potential, respectively;

K =
N
∑

i=1

p2
i

2m
,

U = U(r1, r2, ...), (2.1.2)

Vext =

N
∑

i=1

Vext(ri).

2.1.1 Pairwise Additive Approximation

It is convenient as this stage to assume that the effective potential between the particles

is pairwise additive, i.e.

U(r1, r2, ...) =
1

2

∑

j 6=i

N
∑

i=1

φ(|ri − rj|), (2.1.3)

where φ(r) is the potential between a pair of particles separated by a distance r.

The classic example of an effective pair potential is the Lennard-Jones potential which

uses an r−12 term to model the repulsive core, which arises from the Pauli repulsion

between the atomic electrons, and an attractive r−6 term arising from the induced dipole-

induced dipole interaction between the atoms at larger separations. The potential is given

by

φ(r) = 4ǫ

(

(σ

r

)12
−
(σ

r

)6
)

, (2.1.4)

where σ is the collision diameter, the distance between the particles where φ(r) = 0, and

ǫ is the depth of the potential well at the minimum in φ(r). The Lennard-Jones potential,

Eq. (2.1.4), provides a reasonable approximation for the effective potential between pairs

of rare gas atoms [1]. This model system has both a gas and liquid phase, and forms a

solid at high densities.
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The simplest possible pair model for a fluid is the hard sphere pair potential:

φ(r) =











∞ r ≤ σ

0 r > σ,
(2.1.5)

where σ is the particle diameter. The system has only a single fluid phase but forms

a crystalline solid at higher densities, as confirmed using computer simulations [10, 11].

Another measure of density for hard sphere systems is the packing fraction, η = ρπσ3/6.

Because of its simplicity and success in modelling systems where the short-ranged repulsion

is the dominant interaction the hard sphere potential is widely used, both in its present

state and also as a reference system for including an attractive, or a repulsive perturbation.

There is a also a class of effective pair potentials that do not have an explicit hard core,

indeed some models do not have diverging potentials, and these are known as soft-core

potentials. If we consider a fluid which has short range repulsion and a very long range

repulsive tail, then in the limit that the latter dominates the hard-core part, one may

in some limit neglect the hard-core. A well studied model is the classical one-component

plasma which describes point charged particles in a neutralising medium [12]. There is also

a group of effective potentials that take a coarse grained approach to the study of polymer

chains, and dendrimers [13, 14]. For example, polymer chains in a solvent are free to move

around, but in a good solvent remain localised and the effective interaction between the

centres of mass of two polymer chains can be modelled using a repulsive Gaussian, or

logarithmic pair potential. This description is markedly different from models of simple

atomic fluids or colloids as the potentials remain finite as r → 0 due to the ability of the

centres of mass to inter-penetrate.

2.2 Thermodynamic Properties

Now that the Hamiltonian is fully determined the equilibrium value of a phase function

O(p1,p2, ..., r1, r2, ...;N) in the Grand canonical ensemble is given by

〈O〉 = TrclO(p1,p2, ..., r1, r2, ...;N)f0, (2.2.1)

where Trcl is the classical trace:

Trcl =

∞
∑

N=0

1

h3NN !

∫

dr1 · · · drN

∫

dp1 · · · dpN , (2.2.2)
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and

f0 = exp(−β(HN − µN))/Ξ (2.2.3)

is the grand canonical equilibrium probability density. Furthermore

Ξ = Trcl exp(−β(HN − µN)) (2.2.4)

is the Grand partition function. For example, the thermodynamic internal energy U is

the ensemble average of the Hamiltonian: U = TrclHNf0. The link between statistical

mechanics and thermodynamics is made through the relation

Ω = −kBT ln Ξ, (2.2.5)

where Ω is the grand potential of the system.

The integrations over momenta in Eq. (2.2.4) can be carried out explicitly, leaving an

integral over positional degrees of freedom:

Ξ =

∞
∑

N=0

zN

N !

∫

dr1 · · · drN exp[−βU(r1, r2, ...) − β

N
∑

i=1

V (ri)], (2.2.6)

where z = Λ−3 exp(βµ) is the activity, and µ is the chemical potential. If we only perform

a partial trace over the positions in Eq. (2.2.6) we can generate a hierarchy of particle

distribution functions:

ρ(n)(r1, r2, ...) =
1

Ξ

∞
∑

N≥n

zN

(N − n)!

∫

dr1 · · · dr(N−n) exp

[

−βU(r1, r2, ...) − β

N
∑

i=1

V (ri)

]

.

(2.2.7)

The first member of the hierarchy, the one body density profile, ρ(1)(r), describes the

probability of finding a particle at a position r. If we consider the bulk homogeneous

situation, where the external potential V (ri) = 0, then

ρ(1)(r) =
〈N〉
V

= ρ, (2.2.8)

which defines the bulk number density. The two-body distribution function, ρ(2)(r1, r2),

is proportional to the probability of finding another particle at r2, given there is already a

particle at r1. For a fluid of spherically symmetric particles in the bulk, where the external

potential is zero, translational invariance demands

ρ(2)(r1, r2) = ρ(2)(|r1 − r2|) = ρ(2)(r12). (2.2.9)
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2.2.1 Radial Distribution Functions

In order to characterise the structure and correlations between particles in the bulk fluid

we introduce the (dimensionless) radial distribution function, g(r) = ρ(2)(r)/ρ2. For a

uniform isotropic fluid the quantity 4πρr2g(r)dr yields the average number of particles

between r and r + dr, therefore g(r) describes the probability of finding a particle at a

distance r given that there is a particle at the origin. At large distances, r → ∞, the

positions of particles are uncorrelated and g(r) → 1. However, at short distances, and in

dense fluids g(r) can be highly structured, signifying the packing of particles in isotropic

shells around the origin.

The Fourier transform of the radial distribution function is termed the fluid structure

factor, S(q), and is directly accessible in neutron, X-ray, or in the case of colloids light

diffraction experiments:

S(q) = 1 + ρ

∫

dre−iq·rh(r), (2.2.10)

where q is the wave vector, and h(r) = g(r)− 1 is the total correlation function. g(r) also

gives access to a number of thermodynamic quantities of the fluid system. For example, the

compressibility equation relates the q → 0 limit of S(q), to the isothermal compressibility

χT :
ρχT

β
= 1 + 4πρ

∫ ∞

0
drh(r)r2 = S(0). (2.2.11)

For a fluid in which the potential is pairwise additive (Eq. (2.1.3)) the excess internal

energy per particle, U ex, is given by,

U ex

N
= 2πρ

∫ ∞

0
drφ(r)g(r)r2, (2.2.12)

which is known as the energy equation. Similarly, one can derive an equation for the

pressure, known as the virial equation:

βP

ρ
= 1 − 2

3
πβρ

∫ ∞

0
drφ′(r)g(r)r3 (2.2.13)

where φ′(r) = dφ(r)/dr. These routes to thermodynamics are all exact, however, as the

radial distribution function, g(r), may be calculated using an approximation the three

routes may not produce self-consistent results.
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Chapter 3

Ornstein-Zernike Equation and

Density Functional Theory

This thesis is concerned with the calculation of the one body density profiles and two body

correlation functions for a number of one and two component fluid systems. In order to

calculate these quantities we introduce two theoretical frameworks; the Ornstein-Zernike

equations, which involve two-body correlation functions and density functional theory

which is used to calculate, amongst other things, one-body density profiles.

The homogeneous (bulk) Ornstein-Zernike equations present a method for the deter-

mination of radial distribution functions in homogeneous fluids. They provide an exact

relation between the pair radial distribution functions and a set of direct correlation func-

tions. The Ornstein-Zernike equations have an exact solution incorporating the inter

particle pair potential and an unknown bridge function. In order to proceed one must

use an approximation to the exact solution and we give a number of examples relevant to

this investigation. Density functional theory considers a grand potential functional of the

one body density profiles. Minimising this functional with respect to the density profiles

yields a set of Euler-Lagrange (EL) equations which determine the equilibrium one-body

density correlation functions. However, although we are able to formally write down the

properties of the grand potential functional, the terms that arise from the particle interac-

tions are in general unknown. We describe some simple approximations to these so called

“excess” terms and describe how they can be used to investigate the fluid behaviour.

The Ornstein-Zernike framework and density functional theory are in fact closely re-

lated and we demonstrate this relation via two methods; one involving a Taylor expansion

11
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of the grand potential functional around a bulk fluid, and the second based on a func-

tional identity. In almost all cases the equations determining the two body correlation

functions and the one-body density profiles must be solved numerically. This normally

involves making a guess for the density profiles and substituting these into the EL equa-

tions, which yield a new approximation to the solution. By repeatedly substituting the

previous approximations into the EL equations and solving self-consistently the density

profiles approach their solutions. This procedure must be repeated to calculate the density

profiles at a number of fluid state-points. In the case where the fluid undergoes a phase

transition then the free energy has a number of meta-stable branches which must all be

calculated.

So far we have concerned ourselves with equilibrium density profiles but we can also

consider one-body density profiles that vary in time, for example a fluid that evolves from

one equilibrium state to another equilibrium state given a change in the environment.

Density functional theory has been used to produce a continuity equation that describes

the time evolution of the one body density profiles which in its simplest form makes use

of the equilibrium grand potential functional.

The chapter proceeds as follows: In Sec. 3.1 we briefly present the Ornstein-Zernike

framework. In Sec. 3.2 we present an outline of density functional theory and describe

a number of excess free energy functionals. The connection between density functional

theory and the Ornstein-Zernike equations is demonstrated in Sec. 3.3. In Sec. 3.4 we

describe some technical details involved in calculating inhomogeneous density profiles.

Dynamic density functional theory is briefly described in Sec. 3.5.

3.1 Ornstein-Zernike Equation

The bulk binary Ornstein-Zernike (OZ) equation relates the total correlation functions,

hij(r) = gij(r)−1, where gij(r) are the radial distribution functions, to a set of pair direct

correlation functions, c
(2)
ij (r),

hij(r12) = c
(2)
ij (r12) +

2
∑

k=1

ρk

∫

dr3c
(2)
ik (r13)hkj(r32), (3.1.1)

where rij = |ri−rj| and ρb
k is the bulk density of species k [1]. We can initially view (3.1.1)

as defining c
(2)
ij (r). The OZ equations separate the correlations present in hij(r) into a

‘direct’ part, c
(2)
ij (r), which has a range similar to the interaction potential and an ‘indirect’



3.2 Density Functional Theory 13

part which is the rest. However, in order to calculate hij(r) we have shifted the problem to

the calculation of c
(2)
ij (r), therefore as well as Eq. (3.1.1) we require a further equation, or

closure. For a multi-component mixture described by inter particle pair potentials, φij(r),

it can be shown [1] that Eq. (3.1.1) has an exact solution,

c
(2)
ij (r) = hij(r) − ln(gij(r)) − βφij(r) − bij(r), (3.1.2)

where β = (kBT )−1, kB is Boltzmann’s constant, T is the temperature and −bij(r) is an

unknown bridge function [1]. In order to proceed we must make some approximation for

the bridge functions in Eq. (3.1.2).

Arguably the simplest closure is the random phase approximation (RPA):

c
(2)
ij (r) = −βφij(r), (3.1.3)

which is strictly valid only for r → ∞. Although this approximation is inadequate for

most model systems it has been shown that the RPA becomes accurate for some soft-core

systems at high density [15, 16, 17, 18, 19, 20, 21]. The advantage of the RPA is that

it often provides an analytical solution for correlation functions and for thermodynamic

properties which may provide valuable physical insight into fluid behaviour. A far more

accurate closure is the hyper-netted chain (HNC) approximation, which sets the bridge

function in the exact solution to zero:

c
(2)
ij (r) = hij(r) − ln(gij(r)) − βφij(r). (3.1.4)

This is found to be accurate for long-ranged or soft-core potentials [1, 12, 21]. The final

closure that we consider is the Percus-Yevick (PY) approximation:

c
(2)
ij (r) = [1 − exp(βφij(r))]gij(r), (3.1.5)

which is of special interest because in the case of hard spheres it provides analytical

solutions to c
(2)
ij (r) and the equation of state of the fluid [1, 22].

3.2 Density Functional Theory

If a fluid is homogeneous then the local number density is a constant ρ = N/V everywhere,

where N is the number of particles in the volume V . However, this translational symmetry

can be broken by the surfaces of the container, by the presences of interfaces separating
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different phases or by an external potential Vext(r). The effects of walls and other objects

can be represented by an external potential. The inhomogeneity is characterised by a

non-uniform local density ρ(r). For a one-component system with spherical particles it

can be shown [23, 24], for fixed values of T and chemical potential µ, that for a particular

external potential there exists a unique equilibrium density profile ρ̄(r) that minimises the

grand potential of the system. Density functional theory (DFT) provides a framework for

calculating ρ̄(r) via minimisation of a grand potential functional of ρ(r).

3.2.1 Theory

The outline of DFT presented here loosely follows Ref. [24], for a more rigorous treatment

including proofs see Ref. [23]. We derive the equations for a one component fluid but these

can be easily generalised to mixtures. Consider a fluid of N particles with positions ri,

momenta pi and mass m in the presence of an arbitrary external field, Vext(r). We define

a (unique) functional of ρ(r),

F [ρ(r)] = Trclf0(K + U + β−1 ln f0), (3.2.1)

where Trcl is the classical trace, Eq. (2.2.2), K and U are the kinetic and inter-atomic

terms of the Hamiltonian, Eq. (2.1.3), and f0 is the free energy density (2.2.3). Averaging

over the equilibrium distribution, f0, using the classical trace ensures that all possible

configurations of the system are accounted for. Next, we Legendre transform F [ρ(r)] to

construct a second functional,

Ω[ρ] = F [ρ] −
∫

drρ(r)(µ− Vext(r)). (3.2.2)

When ρ(r) corresponds to the equilibrium profile, i.e., for ρ(r) = ¯ρ(r), the value of the

functional (3.2.2) reduces to the grand potential Ω: Ω[ρ̄(r)] = Ω, introduced in Eq. (2.2.5).

Furthermore, it can be shown [23] that Ω is the minimum value of the functional Ω[ρ(r)];

δΩ[ρ(r)]

δρ(r)

∣

∣

∣

∣

ρ̄(r)

= 0, (3.2.3)

where the notation represents the functional derivative of Ω[ρ(r)] w.r.t. ρ(r) evaluated for

ρ(r) = ρ̄(r). Applying (3.2.3) to Ω[ρ], Eq. (3.2.2), yields an EL equation that uniquely

determines the equilibrium density profile ρ̄(r) for a given Vext(r):

µ =
δF [ρ(r)]

δρ(r)
+ Vext(r). (3.2.4)
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The total Helmholtz free energy, F , of the system is, from Eq. (3.2.2),

F = F [ρ̄(r)] +

∫

drρ̄(r)Vext(r). (3.2.5)

Therefore F [ρ(r)] is referred to as the intrinsic Helmholtz free energy functional.

F [ρ(r)] can be separated into two contributions, F [ρ] = Fid[ρ] + Fex[ρ], where Fid[ρ]

arises from the ideal (non-interacting) gas,

Fid[ρ] =

∫

drβ−1ρ(r)
[

ln(Λ3ρ(r)) − 1
]

, (3.2.6)

where Λ is the (irrelevant) thermal de Broglie wavelength and Fex[ρ] is the excess (over

ideal) contribution that accounts for the interactions between particles. The exact form

of Fex[ρ] is in general unknown and therefore one is forced to construct an approxima-

tion, often requiring some physical insight into the problem at hand. A number of basic

approximations are described in Sec. 3.2.2. Eq. (3.2.4) can be combined with (3.2.6) to

give

Λ3ρ(r) = exp[βµ− βVext(r) + c(1)(r)] (3.2.7)

where we have used δFid/δρ(r) = β−1 ln(Λ3ρ(r)) and c(1)(r) is the one-body direct corre-

lation function:

c(1)(r) ≡ −β δFex[ρ]

δρ(r)
. (3.2.8)

This is itself a functional of ρ(r). By considering a bulk reference state and separating the

chemical potential into its ideal and excess parts, µ = µid + µex, we can write (3.2.7) as

ρ(r) = ρb exp[βµex − βVext(r) + c(1)(r)], (3.2.9)

where µid = β−1 ln(Λ3ρb) and ρb is the bulk density corresponding to the given (µ, T ). In

a uniform fluid with Vext(r) ≡ 0 then

c(1)(r)
∣

∣

ρb = −βµex. (3.2.10)

For an ideal gas c(1)(r) ≡ 0 so Eq. (3.2.9) reduces to the barometric law for the density

distribution in the presence of an external field [24].

As well as Eq. (3.2.8) there exists a hierarchy of direct correlation functions which are

generated by repeated functional differentiation of Fex[ρ]:

c(n)(r1, ..., rn) =
δc(n−1)(r1, .., rn−1)

δρ(rn)
, (3.2.11)
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for n ≥ 2. Of special importance is the inhomogeneous two-body direct correlation func-

tion,

c(2)(r1, r2) =
δc(1)(r1)

δρ(r2)
= −β δ2Fex[ρ]

δρ(r1)δρ(r2)
. (3.2.12)

This is the generalisation of the translationary invariant direct correlation function previ-

ously introduced in the context of the Ornstein-Zernike equation (3.1.1). For an homoge-

neous system we may thus write c(2)(r1, r2) = c(2)(|r1 − r2|).

3.2.2 Excess Free Energy Functionals

For a weakly inhomogeneous fluid, i.e. ρ(r) = ρb+∆ρ(r) where ∆ρ(r)/ρb ≪ 1 everywhere,

we can Taylor expand the excess free energy functional to second order in ∆ρ(r),

Fex[ρ] ≃ Fex[ρ
b] +

∫

dr1
δFex[ρ]

δρ(r1)

∣

∣

∣

∣

ρb

∆ρ(r1)

+
1

2

∫

dr1

∫

dr2
δ2Fex[ρ]

δρ(r1)δρ(r2)

∣

∣

∣

∣

ρb

∆ρ(r1)∆ρ(r2)

+O(∆ρ3). (3.2.13)

Although the form of Fex[ρ] is not specified we have already shown that the functional

derivatives are related to identifiable properties of the bulk reference system i.e. from

Eqs. (3.2.10) and (3.2.12). In general the only input required for this functional is Fex[ρ
b]

and c(2)(r), which may be obtained from the OZ equations (3.1.1) along with a closure

e.g. Eqs. (3.1.3)-(3.1.5). Although Eq. (3.2.13) is unable to account for behaviour such

as the formation of wetting films in one component fluids – see Ref. [24] for a discussion

of this issue, we do find use for it in our studies of the adsorption of thick films at walls

in mixtures of repulsive particles (Chap. 6) and in our studies of a simple model of hard-

spheres (Chap. 8).

If the fluid has only long wavelength inhomogeneities, ∇ρ(r)/ρ(r) ≪ 1/ξ, where ξ is

the typical range of density correlations in the bulk fluid, we can write F [ρ] in the form

F [ρ] =

∫

drg(ρ(r),∇ρ(r),∇2ρ(r), ...), (3.2.14)

where g is a function of ρ(r) and all of its spatial derivatives [24]. If ∇ρ is small everywhere

then we can truncate the gradient expansion at second order,

F [ρ] =

∫

dr
[

f(ρ(r)) + f2(ρ(r))(∇ρ(r))2 + ...
]

, (3.2.15)
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where f(ρ) is the Helmholtz free energy density of a uniform fluid of density ρ. It can be

shown, via a similar method to Eq. (3.2.13), that the coefficient f2(ρ) is given by

f2(ρ) = (12β)−1

∫

drr2c(2)(ρ; r). (3.2.16)

Therefore, for this functional we require a Helmholtz free energy density as well as c(2)(ρ; r).

In the following chapter we follow Cahn [25] and use this functional with an even simpler

prescription for f2(ρ) to describe the first-order wetting transition and the formation of

thick adsorbed films at surfaces.

If the inter-particle interaction is long ranged then it is clear [2] that the coefficients

in the local gradient expansion (3.2.14) are all divergent. Therefore, an approximation

based only on local densities and its derivatives cannot be valid for systems with slowly

decaying interactions. Instead it is necessary to isolate the long-range interaction between

molecules, φlr(r), and to write F [ρ] in the form

F [ρ] = Fsr[ρ] +
1

2

∫ ∫

drdr′ρ(r)ρ(r′)φlr(|r− r′|), (3.2.17)

where the functional Fsr[ρ] describes the short range part of the correlations. The long-

range part is the result of a mean-field approximation while Fsr[ρ] is unspecified but

may be a more complicated functional that accounts for harshly repulsive or hard-sphere

interactions. In the following chapters we will be studying a two component fluid of soft-

core particles with repulsive pair potentials φij(r). In this case we can write (3.2.17) in

terms of the set of density profiles, {ρ(r)},

F [{ρ}] =

2
∑

i=1

β−1

∫

drρi(r)(ln(Λ3
i ρi(r)) − 1) +

1

2

2
∑

i,j=1

∫ ∫

drdr′ρi(r)ρj(r)φij(|r − r′|)

(3.2.18)

where Fsr[{ρ}] has simply been replaced by the ideal gas functional, Fid[{ρ}], i.e. Fex[{ρ}] =

1
2

∑2
i,j=1

∫ ∫

drdr′ρi(r)ρj(r)φij(|r − r′|). Applying (3.2.12) to (3.2.18) generates the RPA

direct correlation functions: cij(|r − r′|) = −βφij(|r − r′|), therefore (3.2.18) corresponds

to the RPA closure of the OZ equation.

Although the density functional theory formalism does not rely on any mean field

approximation, the approximate functionals generally involve some kind of mean-field ap-

proximation. Systems in which long wavelength fluctuations are important, especially

close to the critical point, cannot be properly described by these approximations. How-

ever for short wavelength fluctuations such approximations can provide a good description,
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and may be used as effective Hamiltonians for the description of long-wavelength fluctua-

tions [2].

3.3 Connection between DFT and OZ

We demonstrate the connection between DFT and the OZ equations via two methods:

a functional Taylor expansion of F [ρ], and a more rigorous functional identity. We first

consider the so-called Percus test particle limit [9]. This derivation is similar to the one

presented in Ref. [26]. First consider, the spherically symmetric one-body density profile,

ρ(r), of a one component fluid in the presence of a spherically symmetric external potential,

Vext(r) = φ(r), where φ(r) is the pair potential of the fluid. By inspection alone, one may

connect this to the two-body radial distribution function of the same one component fluid,

g(r), at the same bulk density, ρb, by the relation

g(r) = ρ(r)/ρb. (3.3.1)

Although we have not proved this relationship here, it can be derived formally from fun-

damental statistical physics principles [1].

We ultimately require the change in ρ(r) due to a change in the external potential,

Vext(r). For the sake of simplicity we consider the change in going from Vext(r) = 0 to

a spherically symmetric external potential Vext(r). Therefore, we Taylor expand Fex[ρ]

around ∆ρ(r) = ρ(r) − ρb. To this end we make use of Eq. (3.2.13), as well as defining a

function that contains the higher order terms of the Taylor expansion, B(r), i.e.

B(r) =
δO(∆ρ3)

δρ
. (3.3.2)

Substituting Eqs. (3.2.11), (3.2.13), and (3.3.2) into (3.2.9) we find the EL equation that

determines ρ(r) in the presence of a spherically symmetric external potential:

ρ(r)

ρb
= exp

(

− βVext(r) +

∫

dr′c(|r − r′|)∆ρ(r′) +B(r)
)

. (3.3.3)

For the same one-component system we can substitute the bulk OZ solution, Eq. (3.1.2),

into (3.1.1) and write g(r) as

g(r) = exp

(

−βφ(r) +

∫

dr′c(2)(|r − r′|)ρbh(r′) + b(r)

)

. (3.3.4)

If we compare Eqs. (3.3.3) and (3.3.4) we find they have the same structure, and that

they may be formally connected. If we set Vext(r) = φ(r) then Eqs. (3.3.3) and (3.3.4)
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must be equal since for the system described, g(r) = ρ(r)/ρb, which can also be written

as ρbh(r) = ∆ρ. Therefore b(r) = B(r) i.e. the bridge function is given by the sum of the

higher order density expansion terms of Fex[ρ]. If we let b(r) = B(r) = 0 then (3.3.3) is

equivalent to using the hyper-netted chain approximation, Eq. (3.1.4), to the OZ equation.

Furthermore, Percus [9] showed that by Taylor expanding with different functions of ρ(r)

one may retrieve the Percus-Yevick and other closures to the OZ equations. This result

may be easily generalised to inhomogeneous systems [26].

It can also be shown that the OZ equation can be derived formally from Ω[ρ] [24]. We

start by defining a new function, u(r) = µ− Vext(r). We can generate a new hierarchy of

particle distribution functions by repeatedly taking the functional derivative of Ω[ρ] with

respect to u(r);
δΩ

δu(r)
= −〈ρ̂(r)〉 = −ρ(r) (3.3.5)

and

β−1 δ2Ω

δu(r2)δu(r1)
= G(r1, r2) = 〈ρ(r1)ρ(r2)〉 − ρ(r1)ρ(r2), (3.3.6)

where G(r1, r2) is the density-density correlation function. The second member of the

hierarchy of particle distribution functions, ρ(2)(r1, r2), can be obtained since

ρ(2)(r1, r2) = 〈(ρ̂(r1)ρ̂(r2)〉 − 〈ρ̂(r1)〉δ(r1 − r2). (3.3.7)

If we substitute (3.2.7) into (3.2.12) we find

c(2)(r1, r2) =
δ(r1 − r2)

ρ(r1)
− β

δu(r1)

δρ(r2)
. (3.3.8)

Using the definition of the functional inverse
∫

dr3G
−1(r1, r3)G(r3, r2) = δ(r1 − r2), (3.3.9)

the second term on the right hand side of (3.3.8) can be shown to be the functional inverse

of the density-density correlation function, G−1(r1, r2). If we define the inhomogeneous

total correlation function h(r1, r2) by

ρ(r1)ρ(r2)h(r1, r2) = ρ(2)(r1, r2) − ρ(r1)ρ(r2) (3.3.10)

then combining Eqs. (3.3.6)-(3.3.10) we obtain the OZ equation for an inhomogeneous

fluid

h(r1, r2) = c(2)(r1, r2) +

∫

dr3h(r1, r3)ρ(r3)c
(2)(r3, r2). (3.3.11)

If the fluid density is constant, ρ(r) = ρb, then this reduces to bulk OZ equation, Eq. (3.1.1).
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3.4 Numerical Studies

Given the EL equation (3.2.9) and a suitable Fex[ρ] we show how one may typically

calculate ρ(r). The determination of ρ(r) requires the calculation of c(1)(r) which usually

involves one or more convolutions of ρ(r) with a set of correlation or weight functions,

see e.g. (3.2.18) and (3.3.4). The geometry of Vext(r) dictates the geometry of ρ(r) i.e.

how many degrees of freedom do the density profiles have. In the following chapters we

consider one dimensional planar and spherically symmetric radial geometries as well as a

two dimensional radially symmetric cylindrical geometry. The convolutions are performed

through either direct numerical integration or via fast Fourier transforms (FFT) depending

on the geometry; in planar, and spherical geometries it is relatively easy to calculate the

FFT, however in the cylindrical geometry the FFT cannot be applied and instead we use

numerical integration.

For a density profile that varies in one dimension the functions are described on a grid

with a spacing dx ∼ σ/100 where σ is the particle-particle interaction length scale, with

∼10,000 grid points, and maximum particle interaction range of ∼ 10σ or more. This

grid spacing is deemed sufficiently small that we can assume that we are in the continuum

limit, i.e. there is no significant difference between the density profiles calculated on this

grid, and the real continuous profiles. Using a standard desktop computer, the profiles of a

moderately complicated system, e.g. the formation of a thick wetting film at the wall may

be calculated in a minute or two. However, as we move into two and three dimensional

minimisations we must make some concessions in the computation parameters. This means

using larger values of dx, less grid points, and reducing the interaction range. In Chap. 7

we discuss these issues further in the context of two dimensional density profiles.

In order to solve the EL equation self consistently we use a method known as Picard

iteration. This works as follows:

1. Initialise density profiles: e.g. ρ(r) = ρb exp(−Vext(r)).

2. From ρ(r) calculate c(1)(r) and substitute into R.H.S. of E.L. equation (3.2.9) to

yield a new ρ̃(r).

3. Mix old and new solutions according to ρ(r) = αρ̃(r) + (1 − α)ρ(r) where α ≃ 0.03

is a mixing parameter.
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4. If solution has converged, i.e. ρ̃(r) and ρ(r) are sufficiently close, then finish, other-

wise go back to 2.

To test for convergence we iterate until the maximum change in the value of the density

at a single grid point between two iterations is less than a critical value. For problems in

one dimension this critical value is ∼ 10−9σ3, where σ is the interaction length scale. For

two dimensional problems speed and memory constraints force a less stringent convergence

criterion typically of ∼ 10−6σ3. For systems where we calculate a series of density profiles

as a parameter or state point is varied it is often useful to use the solution from the

previous parameter or state point as the initial guess. Not only does this reduce the

number of iterations required for convergence, it ensures that where phase transitions

take place both meta-stable branches of the free energy curve are accessed. This involves

calculating the sequence of density profiles in both directions across the intersection of

branches and taking advantage of the hysteresis effects present in the solutions. Finally

for one dimensional problems we used Ng’s improvement to the basic Picard method: after

every three iterations construct an improved solution based on a linear combination of the

three previous solutions [27]. This method was found to significantly reduce the number

of iterations required for the density profiles to converge. However, it was unsuitable

for two-dimensional calculations due to the extra memory required to store the previous

solutions.

3.5 Dynamic Density Functional Theory

We briefly introduce dynamic density functional theory (DDFT) quoting only the main

results. For a fuller account of the derivation and applications see Ref. [28]. We consider

a one-body density profile, ρ(r, t), that varies in both space and time, t. The key equation

of DDFT [28] takes the form of a continuity equation,

∂ρ(r, t)

∂t
= Γ∇ ·

[

ρ(r, t)∇δF [ρ(r, t)]

δρ(r, t)

]

, (3.5.1)

where F [ρ] is taken as the total equilibrium Helmholtz free energy functional (3.2.5), and

Γ−1 is a friction constant characterising the one-body drag of the solvent on the colloidal

particles. The derivation of (3.5.1) assumes that the two-body correlations between parti-

cles when the fluid is out of equilibrium are equivalent to those for an equilibrium fluid with
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the same one-body density profile ρ(r, t) generated by an appropriate external potential,

Vext(r) [28, 29, 30].

It has been shown for a variety of cases that the DDFT (3.5.1) is reliable in predicting

the time-evolution of one-body density distribution, when solved in conjunction with a

good approximation for the equilibrium Helmholtz free energy functional F [ρ] – see for

example the results presented in Refs. [29, 31, 32, 33, 34, 35, 36, 37, 38]. In chapter 8 we

use Eq. (3.5.1) to calculate the time evolution of the correlation function that describes

the diffusion of particles in a dense fluid.



Chapter 4

Wetting

4.1 Introduction

In this chapter we introduce the concept of a liquid wetting a solid surface. We consider

the simplest case of a solid substrate in contact with a one-component liquid and its vapour

at bulk coexistence. Wetting describes the degree of contact between the liquid and the

surface. It is convenient to consider a perfectly smooth (planar) solid surface and to ignore

the effects of gravity.

We begin in Sec. 4.2 with the classical macroscopic description of wetting, and show

that the contact behaviour of a liquid droplet on a surface is characterised by the angle

between the droplet and the surface. By considering the surface tensions between the

substrate, the liquid droplet and the gas, we show that the contact angle is given by a

simple relationship. In Sec. 4.3 we consider a microscopic description based on density

functional theory. This provides a more detailed account of the structure of the fluid at

the wall. The theory also describes a first or continuous wetting transition. We study

the under-saturated vapour phase and show how a first-order pre-wetting phase transition

may take place out of coexistence. Finally in Sec. 4.4 we show how the mean-field density

functional treatment could be used as a basis for taking account of fluctuations in the

interface.

23
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Figure 4.1: Diagram showing the three wetting scenarios for a liquid droplet on a substrate.

Partial wetting: The degree of wetting is characterised by the contact angle, θ, where

0 < θ < π. Liquid droplet forms a lens shape. Non-wetting (complete drying), θ = π:

The substrate prefers the vapour phase and this dominates over the liquid-vapour surface

tension. Droplet is a perfectly spherical shape. Complete wetting, θ = 0: The substrate

prefers the liquid phase. The liquid droplet spreads (infinitely far) over the surface. A

macroscopically thick film of liquid intrudes between the substrate and the vapour.

4.2 Macroscopic Description

If a droplet of liquid is put onto a surface then it will take on the shape that minimises the

total interfacial free energy of the system. If wetting is favoured then the droplet spreads

itself over the substrate. If wetting is not favoured then the droplet takes on a compact

shape. The three possible scenarios are shown in Fig. 4.1.

To quantify the degree of partial wetting we introduce the contact angle, θ, which mea-

sures the angle of the droplet at the surface-droplet boundary; see Fig. 4.1. By resolving

forces parallel to the surface it is easy to show that θ is determined by the set of surface

tensions, γij , between phases i and j = S,V , and L corresponding to the solid, vapour,

and liquid. This relationship is known as Young’s equation;

cos(θ) =
γSV − γSL

γLV
. (4.2.1)

For θ ≥ π/2 the system is often described as solvaphobic, and θ < π/2 is termed solvaphilic.

If θ = 0 this is termed complete wetting; a macroscopically thick film of liquid develops

at the substrate. If θ = π then a thick layer of gas is adsorbed at the substrate.

4.3 Microscopic Description

In the macroscopic description we considered a fixed number, N → ∞, of particles in the

liquid droplet, and the remaining particles in the vapour. We now consider the adsorption
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at a planar substrate of an infinite reservoir of fluid which exhibits liquid-vapour coexis-

tence below the critical temperature. This is an open system where the the number of

particles in the droplet and the vapour are not fixed, but the local density of the fluid is

represented by the one-dimensional continuous density profile, ρ(z), where z is the dis-

tance from the substrate. We will show that on increasing the temperature at co-existence

there can be a first or continuous transition between partial and complete wetting. In the

complete wetting regime we show that for short-ranged fluid-fluid and substrate-fluid inter-

actions that the thickness of the thick adsorbed film grows logarithmically as coexistence

is approached.

In 1977 Cahn [25] and Ebner and Saam [39] independently discovered the first order

wetting transition and the associated pre-wetting that occurs out of bulk co-existence.

Both studies were based on density functional theory but took very different approaches.

Cahn [25] used a square gradient expansion and a short ranged fluid-substrate interaction.

He showed that one could determine the solutions graphically, identifying first order tran-

sitions. Ebner and Saam [39] used a close descendant of the square gradient expansion,

which has subsequently fallen out of use [24]. They considered a fluid in contact with a

substrate where all interactions were of the Lennard-Jones type. Using a parametrised

density profile solution with ten adjustable parameters they found that away from bulk

coexistence there was a line of first order transitions between thin and thick adsorbed

films; this is now termed the pre-wetting line.

Our treatment of wetting and wetting transitions is essentially the same as that orig-

inally derived by Cahn [25]. However we also incorporate ideas from Refs. [2, 5, 40, 41].

Cahn’s approach is in fact closely related to the Landau theory of wetting, where the thick-

ness of the adsorbed film, l, is treated in an order parameter expansion. For a detailed

account of Landau’s theory, and wetting in general see Ref. [41].

4.3.1 Gradient Theory of Wetting Transitions

Using the square gradient approximation detailed in the previous chapter, Eq. (3.2.15), we

define an excess (over bulk) grand potential, ∆Ω, which is a sum of contributions from an

inhomogeneous fluid and a short ranged surface interaction. The excess grand potential

functional per unit area A is then

∆Ω[ρ]

A
=

∫

dz

[

∆f +
B

2

(

dρ

dz

)2
]

+ Φ[ρs], (4.3.1)
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where

∆f = f(ρ) − f(ρb) − (ρ− ρb)µ (4.3.2)

is the local free energy density including the chemical potential, µ, minus the contribution

due to the homogeneous fluid. The second term of the integrand is the contribution to

the grand potential due to gradients in ρ(z) where the coefficient, B > 0, is assumed to

be independent of ρ(z). The surface-fluid interaction is sufficiently short ranged that the

contribution to the grand potential, Φ[ρs], depends only on the fluid density at the wall,

ρs = ρ(z → 0).

We start by minimising ∆Ω[ρ] to yield a differential Euler-Lagrange equation,

B
d2ρ

dz2
=

d∆f

dρ
. (4.3.3)

Using the condition that in the bulk ∆f = 0 and the gradient terms vanish, it can be

shown that by integrating we get,

B

2

(

dρ

dz

)2

= ∆f. (4.3.4)

Then substituting (4.3.4) into (4.3.1) and changing the variable of integration we obtain

∆Ω

A
=

∫ ρs

ρb

dρ
√

2∆fB + Φ[ρs], (4.3.5)

where ρb is the density of the bulk fluid. In order to find the contact density, ρs, we

minimise Eq. (4.3.5) with respect to ρs, which gives the relation

−φs(ρs) =
√

2∆f(ρs)B, (4.3.6)

where φs(ρs) = dΦ/dρs. Integrating Eq. (4.3.4) gives

z = −
∫ ρ

ρs

dρ′
(

B

2∆f(ρ′)

)
1
2

, (4.3.7)

from which we can obtain the density profile, ρ(z). We proceed by considering the graph-

ical solutions to Eq. (4.3.6) for an unspecified ∆f . However, we assume that ∆f(ρ) varies

with T and that below the bulk critical temperature there are coexisting vapour and liquid

phases with bulk densities, ρv and ρl, respectively.

As the surface contribution is sufficiently short ranged it can be written as a expansion

of the form

Φ[ρs] = −g1ρs +
1

2
g2ρ

2
s + ..., (4.3.8)
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ρv ρ' ρl ρ''

ρs

-φs(ρs) (2B∆f(ρs))
1/2

S2

S1

Figure 4.2: A graphical representation of Eq. (4.3.6) where the intersections of the two

curves represent solutions for the contact density, ρs. The function
√

2B∆f(ρs) is related

to the inhomogeneous fluid profile and −φs(ρs) = g1−g2ρs is related to the contribution to

the fluid-surface interaction. ρv and ρl are the coexisting vapour and liquid densities. All

intersections of the two curves represent solutions of Eq. (4.3.6), however the two solutions

not indicated by • maximise the grand potential and are unstable. Of the two remaining

possible solutions, ρ′ and ρ′′, the true minimum is determined by considering the areas of

S2 and S1. If S = S1 − S2 < 0 then ρ′ is the true solution and the fluid is in a partially

wet state. If S > 0 then ρ′′ is the true solution and the liquid completely wets the surface.
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ρv ρ' ρl      ρ''

ρs

T<Tw

S2

S1

ρv ρ' ρl      ρ''

ρs

T=Tw

S2

S1

ρv ρ' ρl      ρ''

ρs

T>Tw

S2

S1

ρv ρl ρ''

ρs

T→Tc

Figure 4.3: Demonstration of the first order wetting transition, diagrams are similar to

Fig. 4.2 except that we vary the temperature T . For low T there are two possible solutions

but since S = S1 − S2 < 0 it is the low density, ρs = ρ′, that is the true solution. As T

increases we reach a point where S = 0 and have two coexisting solutions, ρs = ρ′ and

ρs = ρ′′. This is the first order wetting transition temperature, T = Tw. For T > Tw then

S > 0 and the true solution is ρ′′. As T approaches the critical temperature, Tc, then ρ′′

is the only solution.

where g1 > 0 and g2 > 0. The first term represents an attraction of the fluid to the wall

and the second term represents the (repulsive) excluded volume effects. From this we get

φs(ρs) = −g1 + g2ρs.

Plotting ∆f(ρs) and −φ(ρs) against ρs on the same graph we seek values of ρs where

the two curves intersect. By varying the parameters we find that that there exists between

one and four intersection points, indicating up to four possible solutions of (4.3.6). Fig. 4.2

shows the graphical method for solving Eq. (4.3.6) indicating the case of four possible

solutions. It can be shown that two of these solutions maximise the free energy of the

system, while ρs = ρ′ and ρs = ρ′′ minimise the free energy. To determine the true solution

it is necessary to consider the spreading coefficient, S = S1 − S2, where S1 and S2 are

the areas indicated in Fig. 4.2. If S < 0 then the system is in the partially wet state, and

if S > 0 then the system is in the complete wetting state. The two solutions coexist for
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ρv ρ' ρl

ρs

T<Tw

ρv ρ'=ρl

ρs

T=Tw

ρv ρl       ρ'

ρs

T>Tw

Figure 4.4: Demonstration of a continuous wetting transition, similar to Fig. 4.3 except

that φs(ρs) is much more rapidly varying. For all temperatures, T , there is only one

solution for the contact density, ρs = ρ′. As T increases ρ′ passes through the bulk liquid

density, ρ′ = ρl, and continues to increase further but at a different rate. Where the

contact density passes through the bulk liquid density there is a continuous transition in

ρs. The temperature at which this transition occurs is denoted Tw.

S = 0.

We now demonstrate a first order wetting transition that is shown in Fig. 4.3. If we

are at coexistence and far away from the critical point, T ≪ Tc then for a slowly varying

φs(ρs) at low temperatures, T , we find that the contact density is close to the equilibrium

vapour density. In Fig. 4.3 this is indicated by the intersection ρs = ρ′, since the difference

between the enclosed areas, S = S1 − S2 < 0. As T increases, for a particular value of

T we find that S = 0 and the there are two coexisting contact densities, ρ′ and ρ′′. The

solution ρs = ρ′′ which is close to the bulk liquid value represents a complete wetting

state where a macroscopic layer of liquid is present at the substrate. At coexistence the

thickness of this liquid layer, l, is divergent, i.e. l → ∞. As T increases S increases and

the only equilibrium result is ρs = ρ′′. As T → Tc, the critical temperature, only the

ρ′′ solution exists. The abrupt change in the contact density from ρ′ to ρ′′ indicates a

first order wetting transition from a partially wet state to a state where the substrate is

completely wet by the liquid. This occurs at the transition temperature, Tw.

If φs(ρs) varies rapidly with ρs then we find that there can only be one intersection.

Fig. 4.4 shows the evolution of the graphical solution for a rapidly varying φs(ρs). At low T



30 Wetting

ρv ρl      ρ’’(0)ρ’’(1)   ρ’’(2)ρ’(2)

Moving off
coexistence

Figure 4.5: As with Fig. 4.2 but now studying the solutions as we move away from co-

existence into the under-saturated vapour for a slowly varying −φs(ρs). At coexistence

there is one solution, ρs = ρ′′(0) denoting a wetting layer at the wall. As we initially move

away from coexistence then we have a still have a wetting layer with a contact density,

ρs = ρ′′(1). Moving further from coexistence we generate a second minimal solution at

ρ′(2). The true solution is dependent on S and we find a first order transition from a thick

adsorbed wetting type film to a thin film.

there is one solution, ρs = ρ′, at a density lower than the bulk liquid density. As T increases

so does ρ′ until, at the transition temperature, Tw, ρs = ρ′ = ρl. As T is increased further

so does ρ′ though at a different ‘rate’. This therefore represents a continuous transition

with a transition temperature, Tw. One can show that the equilibrium thickness diverges

as − ln(Tw − T ) as T → T−
w .

So far we have restricted ourselves to the case where the vapour and the liquid are in

coexistence. We now consider the case where the fluid is out of coexistence in the vapour

phase with a bulk density ρb. If ρv − ρb is small then following Cahn [25] we write ∆f [ρ]

as a sum of Taylor expansions around the coexisting free energy density, fcoex(ρ);

∆f(ρ) ∼ ∆fmin +
1

2
(ρ− ρl)

2

(

∂2fcoex

∂ρ2

)

ρl

(4.3.9)
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ρb
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ρb

complete wetting

partial wetting

bulk critical point
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high
adsorption

surface
critical point

ρv ρl

Figure 4.6: Phase diagram of a system that a undergoes a first order pre-wetting transition.

At coexistence there is a first order transition of the type shown in Fig. 4.3 which separates

regions of partial and complete wetting. Off of coexistence there is a pre-wetting line that

separates density profiles with thin and thick adsorbed films. This joins the coexistence

wetting line at a tangent to the binodal – see text. It terminates in a critical point,

indicated by •.

where

∆fmin ∼
(

∂2fcoex

∂ρ2

)

ρv

(ρl − ρ)(ρl − ρv), (4.3.10)

is the value of the minimum in ∆f(ρ). From (4.3.7) we can obtain the thickness of the

layer that is adsorbed at the wall, assuming that ∆fmin ≪ (φs(ρs))
2/B;

l ∼
[

1

B

(

∂2f

∂ρ2

)

ρl

]− 1

2

ln

(

2(φs(ρs))
2/B

∆fmin

)

. (4.3.11)

This indicates that l diverges as − ln(ρv − ρb).

Taking the case that φs(ρs) is a slowly varying function of ρs and that the coexisting

fluid undergoes a first order wetting transition of the type shown in Fig. 4.3 it is possible to

construct a general surface wetting phase diagram. The first order pre-wetting line meets

the binodal on the vapour side at the wetting transition temperature, Tw, and it terminates

in a critical point. Hauge and Schick [42] showed generally, on thermodynamic grounds,
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that the pre-wetting line meets the binodal at a tangent, which we have incorporated into

the phase diagram in Fig. 4.6.

4.3.2 A Simple Example

We demonstrate Cahn’s method and the results described above for a specific form of

∆f(ρ). We use an exceedingly simple form of ∆f for a fluid with coexisting vapour and

liquid phases:

∆f(ρ) = C(T )(ρ− ρv(T ))2(ρ− ρl(T ))2, (4.3.12)

where C(T ) specifies the distance from the bulk critical point, and ρv(T ) and ρl(T ) are the

coexisting densities of the vapour and liquid phases at temperature T . It can be shown

that this free energy density is equivalent to the Landau theory of wetting [41]. We neglect

the dependence on T in the subsequent notation.

We first consider the free fluid interface between the vapour and liquid phases, where

there is no surface, i.e. Φ[ρs] = 0. The boundary conditions require that ρ(z) → ρv as

z → −∞ and ρ(z) → ρl as z → +∞. It can be shown [2] that by solving (4.3.4) with

(4.3.12) we obtain the following density profiles:

ρ(z) =
ρl

1 + e−z/ξ
+

ρv

1 + ez/ξ

=
1

2
(ρv + ρl) +

1

2
(ρl − ρv) tanh(z/2ξ), (4.3.13)

where

ξ =
√

B/C(ρl − ρv)
−1, (4.3.14)

is the interfacial width, or correlation length. This diverges as the critical point is ap-

proached i.e. as ρl − ρv → 0. In this particular model the correlation length is identical in

each phase, but this is not generally true. It can be shown for suitable values of g1 and g2

in (4.3.8) that we can find both first and continuous wetting transitions. Off coexistence,

in the vapour phase, we can derive the ‘rate’ at which the thick adsorbed wetting film

grows. Substituting Eq. (4.3.12) into (4.3.11) it can be shown that then the adsorbed film

thickness, l, diverges as

l = −ξ ln(ρv − ρb). (4.3.15)

More generally ξ should be replaced by ξw, the correlation length of the wetting phase.
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4.4 Incorporating Fluctuations

So far in this introduction to wetting we have treated everything in a mean field manner,

i.e. we have calculated the equilibrium properties of the wetting film by minimising an

excess free energy, but we have not considered the effects of fluctuations on the interface.

We have shown that the equilibrium position of the interface, leq is approximately given

by Eq. (4.3.11). We expect that the interface will fluctuate around the position due to

thermal fluctuations; these are known as capillary waves. The thickness of the wetting

film, l(R), is now a function of the position vector R in the plane of the interface. The

excess (over mean field) grand potential, ∆Ωcw due to the interface length varying can

be split into two contributions. The first is the grand potential energy cost due to the

additional area of the liquid-vapour interface,

∆Ωcw,1 = γlv

∫

dR
[

√

1 + (∇Rl(R))2 − 1
]

≃
∫

dR
γlv

2
[∇l(R)]2, (4.4.1)

where γlv is the liquid-vapour surface tension and we have expanded the root, assuming

that the amplitude of the fluctuations is small. The second contribution is due to the fact

that the interface, which is bound to the surface, is not at its equilibrium position,

∆Ωcw,2 =

∫

dR
∆Ω(l(R)) − ∆Ω(leq)

A

=

∫

dR
1

2A

∂2∆Ω(l)

∂l2

∣

∣

∣

∣

leq

(l(R) − leq)
2. (4.4.2)

Summing these two contributions we obtain the deviation of the excess grand potential

from its equilibrium value due to capillary wave fluctuations;

∆Ωcw =

∫

dR

(

γlv

2
[∇l(R)]2 +

1

2A

∂2∆Ω(l)

∂l2

∣

∣

∣

∣

leq

(l(R) − leq)
2

)

. (4.4.3)

By Fourier transforming (4.4.3) the fluctuations are represented as capillary waves of

wave-number k;

∆Ωcw =
1

2π

∫

dk

(

γlv

2
k2 +

1

2A

∂2∆Ω(l)

∂l2

∣

∣

∣

∣

leq

)

|l(k)|2. (4.4.4)

From the equipartition of energy the probability of a given amplitude l(k) is proportional

to the Boltzmann factor exp(−β∆Ωcw) and therefore has a Gaussian form. Using standard
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results we get the expectation value:

〈l(k)l(−k)〉 ∝ G(k) =
1

γlv(k2 + ξ−2
‖ )

(4.4.5)

where G(k) is the Fourier transform of the correlation function for fluctuations in the

interface position, G(R,R′). The parallel correlation length,

ξ−2
‖ =

1

γlvA

∂∆Ω(l)

∂l2

∣

∣

∣

∣

leq

, (4.4.6)

describes the characteristic length scale for fluctuations in the plane of the interface. By

Fourier transforming Eq. (4.4.5) we obtain the correlation function

〈(l(R) − leq)(l(R
′) − leq)〉 ≡ G(R,R′)

=

∫

dk

2π
G(k)eik�(R−R′)

=

∫

dk

2π

eik�(R−R′)

γlv(k2 + ξ−2
‖ )

. (4.4.7)

The correlation length provides an effective long-wavelength cut-off. One can also define

a second correlation length, ξ⊥, which is the characteristic length scale for the amplitude

of the excursions of the interface;

ξ⊥ ≡
〈

[l(∞) − l(0)]2
〉1/2

∼ [G(0, 0) −G(∞, 0)]2. (4.4.8)

An analysis of Eq. (4.4.7) yields a finite value for ξ⊥ provided we are off coexistence.

Therefore, if one knows where the interface is at one point then even infinitely far away

the interface will be at the same distance plus or minus a distance ξ⊥. Even if the

fluctuations in the interface are large, they are bounded, due to the effective cut-off in

the frequency spectrum, Eq. (4.4.7). As complete wetting is approached, the correlation

length ξ‖ diverges as does ξ⊥ and the interface becomes rough.

The analysis above pertains to a bound interface, i.e. one that is subject to an effective

interfacial potential due to is interaction with a wall-fluid interface. A free fluid interface

is not fixed in space so there is no energy cost for translating the entire flat interface.

Therefore the position l(R) fluctuates without limit. On a local scale the interface may

look quite smooth, but one would not be able to predict where the interface was at a

distance, R, very far away.



Chapter 5

Two Component Yukawa Fluid:

Bulk behaviour and Phase

Diagram

We investigate the structure of a binary mixture of particles interacting via purely re-

pulsive (point) Yukawa pair potentials with a common inverse screening length λ. Using

the hyper-netted chain closure to the Ornstein-Zernike equations, we find that for a system

with ‘ideal’ (Berthelot mixing rule) pair potential parameters for the interaction between

unlike species, the asymptotic decay of the total correlation functions crosses over from

monotonic to damped oscillatory on increasing the fluid total density at fixed composition.

This gives rise to a Kirkwood line in the phase diagram. We also consider a ‘non-ideal’

system, in which the Berthelot mixing rule is multiplied by a factor (1+ δ). For any δ > 0

the system exhibits fluid-fluid phase separation and remarkably the ultimate decay of the

correlation functions is now monotonic for all (mixture) state points. Only in the limit

of vanishing concentration of either species does one find oscillatory decay extending to

r = ∞. In the non–ideal case the simple random phase approximation provides a good

description of the phase separation and the accompanying Lifshitz line.

35



36 Two Component Yukawa Fluid: Bulk behaviour and Phase Diagram

5.1 Introduction

A large class of fluids can be described generically as “big charged particles immersed in a

neutralising medium of lighter particles”. Examples include charged colloidal suspensions,

see e.g. [43] and references therein, and dusty plasmas, for a recent review see [44]. A sim-

ple model for such systems describes the effective interaction between the bigger particles

in terms of a Yukawa (screened Coulomb) pair potential φ(r) ∝ exp(−λr)/r. The effects of

the screening due to the neutralising medium are incorporated via the screening parameter

λ. Such a Yukawa potential arises in, for example, the linearised Poisson–Boltzmann or

Derjaguin–Landau–Verwey–Overbeek theories for the effective potential between spherical

charged colloids in solution [43]. The effect of the neutralising medium on the effective

potential involves more than the screening effect, as described by the parameter λ. There

is an additional effect of charge renormalisation, whereby the amplitude of the effective

potential φ(r) is not, as one might perhaps expect from a linear treatment, proportional

to Z2, where Z is the charge on the big particles (colloids), rather the amplitude of φ(r)

is proportional to Z̄2, where Z̄ < Z is the renormalised charge [43].

In this chapter we are concerned with the bulk behaviour of a simple model of a binary

mixture of big charged particles, with both species carrying charges of the same sign,

immersed in a neutralising background medium. For a general binary mixture of point

Yukawa particles the pair potentials are dependent on six species specific parameters.

These are the dimensionless coupling parameters, Mij, and the screening parameters, λij ,

for i, j = 1, 2. We assume that both species experience the same screening, λij = λ,

determined by the background medium (solvent), but that they have different coupling

strengths. We can consider the coupling parameters to be proportional to the product of

the effective charges of the species. Thus we define the pair potential as

φij(r) =
Mijǫ exp(−λr)

λr
, (5.1.1)

where ǫ denotes the overall energy scale, and all three potentials are repulsive: Mij > 0. As

usual it is assumed that the inter-species parameters are related to those for like particles

[1]. The geometric (Berthelot) mixing rule sets M12 =
√
M11M22. This choice could

correspond to ions with renormalised charge Z̄i, with Z̄1, Z̄2 > 0, immersed in a medium

with an inverse screening length λ. In order to generalise this geometric mixing rule we

introduce a non-ideality parameter δ > 0 such that M12 = (1 + δ)
√
M11M22. The case

δ = 0 clearly corresponds to the ideal system. The non-ideal case δ 6= 0 can be viewed
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as arising from charge screening effects in the double layer of condensed counter ions on

the surface of the particles. The double layer leads to an effective renormalisation of the

particle charge and strongly affects the particle interactions [43]. One should expect that

for some positive δ that the energy penalty incurred for unlike species to be neighbours

should lead to fluid-fluid demixing at high densities; such behaviour is found in models of

soft-core fluids where positive non-additivity gives rise to demixing [15, 16, 17, 18].

Binary mixtures of H+ and He++ in a neutralising medium are expected to phase sep-

arate at temperatures and pressures of astrophysical interest – see Ref. [12] and references

therein. In this system the phase separation is thought to be due to charge neutralisation

being less efficient in the mixture than in the pure phases. We believe that some of the

complex screening effects associated with such systems may be incorporated into a simple

model such as this, via the parameter δ. Non-ideal charge renormalisation effects may also

be present in binary suspensions of colloids. Charge renormalisation may be affected by

the concentrations of the different species of colloids in very subtle ways leading to the pos-

sibility that the amplitude of φ12(r) may not be simply proportional to Z̄1Z̄2. Such effects

could be mimicked using our simple model. It may be the case that in some colloidal fluid

mixtures δ > 0, or it may be that in other cases δ < 0, i.e. nonideal charge renormalisation

effects may favour mixing. However, in the present study we investigate only the cases

δ = 0 and δ > 0. Using the accurate hyper-netted chain (HNC) approximation we find

that for the case δ = 0 the total pair correlation functions hij(r) exhibit crossover from

monotonic to exponentially damped oscillatory asymptotic decay, r → ∞, on increasing

the total density of the fluid mixture at fixed composition. However, in the non-ideal case,

an infinitesimal positive δ can give rise to fluid-fluid phase separation at a sufficiently

large total density. Moreover we find that the fluid structure is changed profoundly from

that pertaining to δ = 0, i.e. for all thermodynamic state points, apart from the limits of

pure species 1 and 2, the ultimate, r → ∞, decay of correlations is monotonic. We find

that for the particular choice δ = 0.1 the very simple random phase approximation (RPA)

provides a good account of the fluid-fluid binodal and spinodal obtained from the HNC

but a poor account of the detailed behaviour of the correlation functions.

Our starting point for determining the fluid structure is the mixture Ornstein-Zernike

(OZ) equation Eq. (3.1.1). The simplest closure germane to the present model is the RPA,

Eq. (3.1.3), though we also consider the far more accurate HNC closure, Eq. (3.1.4). For

the one-component Yukawa fluid it is known that the HNC is remarkably accurate for
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small coupling parameters [45, 46]. In order to determine the correlation functions within

the HNC we use a standard iterative procedure outlined in Chap. 3. In what follows, we

fix the reduced temperature T ∗ = (βǫ)−1 so that the state of the system is determined by

the total density, ρ = ρ1 + ρ2, and the species concentrations xi = ρi/ρ.

The chapter is arranged as follows: In Sec. 5.2 we present some basic results from the

theory of the asymptotic decay of pair correlation functions in binary mixtures. Sec. 5.3

describes results for hij(r) and for the poles of the Fourier transforms ĥij(q) obtained

from numerical solutions of the HNC closure approximation. Within the RPA we are

able to calculate the corresponding poles analytically and we compare these results with

those from the HNC. The pole analysis enables us to determine the behaviour of hij(r) at

intermediate range, as well as at longest range, r → ∞. Particular attention is paid to the

behaviour of the correlation functions in the limit where the density of species 2, ρ2 → 0.

In Sec. 5.4 we present phase diagrams, in the composition, total density plane, along with

Lifshitz lines for the partial structure factors, obtained from both the HNC and RPA. We

draw some conclusions in Sec. 5.5.

5.2 Asymptotic Decay of Correlation Functions

There are two procedures for determining the asymptotic, r → ∞, behaviour of the total

correlation functions. One is to examine directly the numerical solutions for hij(r). The

alternative method is to input the direct correlation functions (in the present case from

either the RPA or HNC closures) into the set of OZ equations and perform an asymptotic

analysis. We begin by demonstrating the latter. The OZ equations (3.1.1) can be solved

formally in Fourier space and the solution written as

ĥij(q) =
Nij(q)

D(q)
, (5.2.1)

where ĥij(q) denotes the three-dimensional Fourier transform of hij(r). The three func-

tions share the same denominator,

D(q) = [1 − ρ1ĉ11(q)][1 − ρ2ĉ22(q)] − ρ1ρ2ĉ12(q)
2, (5.2.2)
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but the numerators are dependent on the indices:

N11(q) = ĉ11(q) + ρ2[ĉ12(q)
2 − ĉ11(q)ĉ22(q)],

N22(q) = ĉ22(q) + ρ1[ĉ12(q)
2 − ĉ11(q)ĉ22(q)], (5.2.3)

N12(q) = N21(q) = ĉ12(q).

From the inverse Fourier transform it follows that:

rhij(r) =
1

2π2

∫ ∞

0
dqq sin(qr)ĥij(q). (5.2.4)

Using Eq.(5.2.1) and assuming that the singularities of ĥij(q) for the present Yukawa sys-

tems are simple poles we are able to proceed via the residue theorem [47, 48]. Performing

contour integration around a semicircle in the upper half of the complex q plane, we write

the total correlation functions as a sum of contributions from the poles enclosed,

rhij(r) =
∑

n

Aij
n exp(iqnr), (5.2.5)

where qn satisfies D(qn) = 0 and Aij
n is the amplitude associated with the pole qn. This

amplitude is related to the residue Rij
n of qNij(q)/D(q) by Aij

n = Rij
n /2π. The poles are

either purely imaginary, q = iα0, or occur as a conjugate pair q = ±α1 + iα̃0 [47].

In general there is an infinite number of poles and contributions from many of these

are required to account for the behaviour of hij(r) at small r. However, the ultimate,

r → ∞, decay of hij(r) is determined by the pole that gives the slowest exponential decay,

i.e. the pole with the smallest imaginary part. This is referred to as the leading order

pole. If the leading order pole is purely imaginary then rhij(r) decays exponentially,

rhij(r) ∼ Aij exp(−α0r), as r → ∞. On the other hand, if the leading order poles are

a conjugate complex pair, then the sum of contributions from this pair of complex poles

gives damped oscillatory decay, rhij(r) ∼ 2Ãij exp(−α̃0r) cos(α1r − θ̃ij), where Ãij and

θ̃ij denote the amplitude and phase respectively [47].

Note that whereas the wavelength 2π/α1 and the decay lengths α−1
0 or α̃−1

0 are the

same for all hij(r), the amplitudes and phases do depend on the indices ij [47]. However,

general considerations demand A2
12 = A11A22 or Ã2

12 = Ã11Ã22 and 2θ̃12 = θ̃11 + θ̃22 [47].

In the next section we shall employ the RPA and the HNC closures to investigate the

ultimate, r → ∞, decay of hij(r) and the behaviour of hij(r) at intermediate distances r.

Note that the values of the amplitudes are relevant in determining which pole or conjugate

complex pair provides the dominant contribution to hij(r) in the intermediate regime.
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5.3 Results for Pair-Correlation Functions

In Fig. 5.1 we display the radial distribution functions gij(r), obtained from the HNC

closure, for the state point ρλ−3 = 0.5, x2 = 0.5 and T ∗ = 1. The coupling parameters

are fixed at M11 = 1, and M22 = 4. Fig. 5.1(a) corresponds to ideal (Berthelot) mixing,

δ = 0, Fig. 5.1(b) has δ = 10−5, weak non-ideality, while Fig. 5.1(c) has δ = 0.1. In

all cases the gij(r) appear structureless but the expanded scales of the insets reveal the

nature of the intermediate and long range decay of the pair correlation functions. For

δ = 0, rhij(r) shows an exponentially damped oscillatory decay extending to arbitrarily

large separations r. By contrast, for δ = 10−5, there are several oscillations at small r and

rhij(r) decays monotonically (exponentially) for λr & 8. For δ = 0.1 the monotonic decay

extends from λr ≃ 3. Clearly the choice of δ has a profound influence on the behaviour

of the pair correlation functions. If one fixes the concentration at x2 = 0.5 and reduces

the total density ρ one finds that for δ = 0 there is a crossover from the exponentially

damped oscillatory behaviour of rhij(r) shown in Fig. 5.1(a) to monotonic (exponential)

decay similar shown to that in Fig. 5.1(c), near ρλ−3 ≃ 0.05. Such crossover is found in

the one component Yukawa fluid (OCY) on reducing the density at fixed T ∗ [45]. The

scenario is different for δ > 0. On reducing the density at fixed x2 = 0.5 the hij(r) are

similar to those for ρλ−3 = 0.5; the decay remains monotonic. Similar features are found

for other values of the concentration provided x1, x2 6= 0. If x2 = 0 or 1 then one recovers

the OCY which exhibits crossover as mentioned above.

In order to understand these results emanating from the full numerical solution of the

HNC closure we turn to the asymptotic (pole) analysis of Sec. 5.2. It is convenient to begin

with the simple RPA treatment before discussing the more sophisticated HNC results.

5.3.1 Poles in the RPA

The advantage of the RPA is that the pair direct correlation functions and their Fourier

transforms, ĉij(q), are given analytically. This means that the poles can be determined

analytically. Using the definition of the RPA it follows from Eq. (5.1.1) that

ĉRPA
ij (q) = −4πMij

λT ∗

1

(λ2 + q2)
. (5.3.1)

Substituting this form into Eq. (5.2.2) we can solve for the zeros of D(q), i.e. the poles,

qn, at each state point. We find that within the RPA there are only two poles. Both are
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Figure 5.1: Pair correlation functions for the state point ρλ−3 = 0.5, x2 = 0.5 and T ∗ = 1,

calculated from the HNC closure, using the coupling parameter ratio M22/M11 = 4. Main

figures show radial distribution functions, gij(r), and insets show ln |rhij(r)| versus λr. a)

δ = 0. Exponentially damped oscillations extend to infinity. b) δ = 10−5. For λr & 8,

rhij(r) exhibit monotonic (exponential) decay. c) δ = 0.1. Monotonic decay now develops

for λr & 3.
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purely imaginary and are given by

α0 =

√

2πρ

λT ∗

(

M0 ±
√

M2
0 +Mδ

)

+ λ2. (5.3.2)

where we have introduced M0 = x1M11 + x2M22 and Mδ = 4x1x2M11M22(2 + δ)δ.

For δ = 0 this gives an imaginary pole with α+
0 ≥ λ, pertaining to the positive sign,

and a ‘false’ solution obtained with the negative sign giving α0 = λ for all state points.

The imaginary pole is analogous to that found in the RPA solution for the OCY. Fig. 5.2

shows how this pole ascends from α0 = λ at ρ = 0 as the density ρ is increased, along a

line of constant concentration, x2 = 0.5, at fixed temperature T ∗ = 1.

By calculating the residues one can show (see Eq. (5.3.6) below) that the ‘false’ pole

α0 = λ makes no contribution to hij(r), i.e. for δ = 0 the corresponding amplitude A−
ij = 0

and

rhRPA
ij (r) = A+

ij exp(−α+
0 r) (5.3.3)

where α+
0 is given by Eq. (5.3.2), with the positive sign, and the amplitudes are indepen-

dent of the density, 1

A+
ij = −Mij

λT ∗
. (5.3.4)

The situation is quite different for δ > 0. We find that the pole with α+
0 > λ is modified

slightly by the addition of a (relatively) small positive term. More significantly we find

that the solution with the negative sign now corresponds to a second pole which descends

from α−
0 = λ eventually reaching zero as the density is increased – see Fig. 5.3. The locus

of points in the phase diagram for which α−
0 = 0 is the spinodal, where the ĥij(q) (or

the partial structure factors) diverge in the limit q → 0, indicating that the system is

undergoing fluid-fluid demixing. Note that this second ‘spinodal’ pole exists only for the

mixture states, i.e. for x1, x2 6= 0; in the pure states it reverts to the false solution α0 = λ.

The behaviour of this pole is shown for fixed x2 = 0.5, and increasing density in Fig. 5.3.

The spinodal pole is present for arbitrarily small positive δ. Therefore the RPA predicts

that the system will undergo phase separation provided there is any degree of positive non-

ideality in the pair potentials. This behaviour is reflected in the asymptotic decay of the

total correlation functions. For δ > 0,

rhRPA
ij (r) = A+

ij exp(−α+
0 r) +A−

ij exp(−α−
0 r) (5.3.5)

1 Note that the RPA results of Eqs. (5.3.3) and (5.3.5) predict unphysical behaviour of hij(r) as r → 0.

However, we are concerned here with hij(r) as r → ∞ where the RPA results do capture the essential

physics.
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Figure 5.2: The imaginary components of leading order poles, α0, calculated along a path

in the phase diagram of increasing density, ρ, for fixed x2 = 0.5 and T ∗ = 1. δ = 0,

corresponding to an ‘ideal’ mixture. The RPA solution, Eq. (5.3.2), consists of a single,

purely imaginary pole, α+
0 , which increases steadily with density from α0/λ = 1. Within

the HNC closure, at low densities ρ, the two leading order poles are both purely imaginary.

As the density is increased the first imaginary pole ascends and the second imaginary

pole descends and, at the Kirkwood crossover point, they coalesce becoming a conjugate

complex pair q = ±α1 + iα0. Increasing the density further both the real and imaginary

parts of the complex poles increase. Thus the Kirkwood point marks the boundary between

monotonic (at small ρλ−3) and damped oscillatory asymptotic decay. The inset shows the

Kirkwood line, separating the two types of decay, plotted in the concentration-total density

phase diagram.
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Figure 5.3: As in Fig. 5.2 but now for δ = 0.1. Within the RPA the imaginary pole α+
0 ,

is shifted by only a small amount from the case δ = 0. A second purely imaginary pole

α−
0 is introduced which decreases from λ to zero as ρ is increased; α−

0 = 0 corresponds

to the spinodal. Since α−
0 < α+

0 this ‘spinodal’ pole determines the ultimate decay of

the total correlation functions. Within the HNC closure the Kirkwood mechanism is still

present and the crossover point is largely unchanged from the case δ = 0. However, a

‘spinodal’ pole is introduced which follows closely the corresponding RPA pole α−
0 . It

follows that for for all densities the ultimate decay of the total correlation functions is

monotonic. Although the Kirkwood crossover is present it does not involve the leading

order ‘spinodal’ pole and therefore does not influence the ultimate decay.
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with α−
0 < λ < α+

0 , which follows from Eq. (5.3.2). The particularly simple forms of

Eqs. (5.3.3) and (5.3.5) are a consequence of the RPA. 1 The amplitudes are

A±
ij = − 1

4λT ∗

2Mij

(

M0 ±
√

M2
0 +Mδ

)

+ δijMδ/xi

M0 +Mδ/
(

M0 ±
√

M2
0 +Mδ

) , (5.3.6)

where superscript ± refers to the sign in front of the square root and we use the compound

parameters M0 and Mδ defined previously. δij is the Kronecker delta. As the ultimate

decay is determined by the pole with the smallest imaginary part, the spinodal pole α−
0

must determine the ultimate decay of hij(r) for any δ > 0. For very small δ > 0, α−
0 lies

very close to λ until the reduced density ρλ−3 reaches very large values, i.e. the spinodal

is shifted to very large densities as δ → 0. In these circumstances the relative magnitude

of the amplitudes A+
ij and A−

ij becomes important; note that α+
0 depends only weakly on

δ. For a given state point the amplitude of the spinodal pole A−
ij decreases relative to A+

ij

as δ → 0 and one must go to increasing values of r before the spinodal pole provides the

dominant contribution to hij(r). At intermediate r the contribution from α+
0 determines

the decay behaviour.

5.3.2 Poles in the HNC

For the OCY the HNC predicts a crossover line in the (ρ, T ) plane separating a region

where the asymptotic decay of h(r) is damped oscillatory from that where it is monotonic.

The crossover takes place via the coalescence of two imaginary poles to form a complex

pole as the density is increased at fixed temperature T [45]. The mechanism is equivalent

to that discussed first by Kirkwood in pioneering studies of strong electrolytes [8]. Thus

for the pure species we take the results of Ref. [45] and read off the crossover values of

ρλ−3. For T ∗ = 1 and x2 = 0 (pure species 1) crossover occurs at ρλ−3 ≈ 0.47 whereas for

x2 = 1 (pure species 2) this occurs at ρλ−3 ≈ 0.025. If we vary the concentration between

these limiting values (at fixed T ∗ = 1) we expect to find a crossover line in the (x2, ρλ
−3)

plane. We determined this line by calculating the poles of ĥij(q), i.e. the zeros of D(q),

using the same numerical procedure as in Ref. [45] for the OCY.

The pair direct correlation functions cij(r) are obtained from the full solutions of the

HNC integral equations. In order to ensure convergence of the integrals which deter-

mine the poles we follow the procedure given in Refs. [49, 45]. For r → ∞, cij(r) →
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Figure 5.4: The HNC ‘spinodal’ pole α0 and corresponding amplitudes Aij as a function

of concentration x2 along a path of constant density ρλ−3 = 0.5, for T ∗ = 1, and δ = 0.1.

As x2 → 0, α0/λ → 1−, A11, A12 → 0 but A22λ tends to 0.84. Note that A12 is negative

and its magnitude is plotted here. The amplitudes obey the rule A2
12 = A11A22 – see text.

−Mij exp(−λr)/(λT ∗r), so we define a short range direct correlation function csrij (r):

csrij (r) ≡ cij(r) +
Mij exp(−λr)

λT ∗r
. (5.3.7)

Fourier transforming we find

ĉij(q) = ĉsrij (q) − 4πMij

λT ∗

1

(q2 + λ2)
, (5.3.8)

which can be substituted into Eq. (5.2.2). D(q) is separated into its real and imaginary

components, and the equation D(q) = 0 is solved numerically using a Newton-Raphson

procedure. In general, the relevant integrals converge only for complex q such that ℑ[q] .

2α0, where α0 is the imaginary part of the leading order pole [49]. It follows that only

a few poles can be calculated; the remaining poles are situated outside this region of

convergence. Fortunately the poles relevant for determining the basic features of the

decay of correlations can be obtained.
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Figure 5.5: Comparison between results of the full HNC solution for h22(r) (solid line)

and the contributions of the lowest order poles for state point ρλ−3 = 0.05, x2 = 0.99 and

parameters M22/M11 = 4, T ∗ = 1 and δ = 0.1. Note this point lies above the Kirkwood

crossover line in Fig. 5.6. The main figure shows the decay of h22(r) to be oscillatory and

well described by the contribution from a single pair of conjugate complex poles (dashed

line) (α̃0/λ0 = 2.269, α1/λ = 0.8723). On this scale the contribution from the purely

imaginary pole is vanishingly small. In the inset the plot of ln |rh22(r)| versus λr shows

that although the oscillatory contribution describes h22(r) accurately for intermediate

range, the contribution from the ‘spinodal’ pole (dotted line) (α0/λ = 0.9993) determines

the decay for λr & 14. Thus the sum of contributions from the oscillatory and ‘spinodal’

poles (dot-dashed) given by Eq. (5.3.9) is very accurate in the range 1.5 < λr <∞.
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For the case δ = 0 we find that for all x2 the leading poles exhibit Kirkwood cross-

over mimicking that in the OCY [45]. At very low densities there is a single imaginary

pole (dashed line in Fig. 5.2) that ascends from α0 = λ as we increase the density ρ at

constant concentration, and is initially similar to the RPA. At slightly higher densities a

second imaginary pole (dotted line) moves into the region of convergence and descends as

ρ increases. These two poles move toward each other and then, at the Kirkwood point,

coalesce. On increasing the density further, one finds a conjugate complex pair whose

real and imaginary parts both increase with ρ (dash-dotted line). Fig. 5.2 shows the

imaginary parts of the relevant poles as they undergo the Kirkwood cross-over. The locus

of points for which the poles coalesce, the Kirkwood line, is shown in the inset to Fig. 5.2.

Below this line the asymptotic decay of rhij(r) is pure exponential and above the line it is

exponentially damped oscillatory. One sees that the state point x2 = 0.5 and ρλ−3 = 0.5,

which corresponds to the results for hij(r) in Fig. 5.1(a), lies deep within the oscillatory

region so one expects to find oscillations extending to r → ∞.

Fig. 5.3 displays the corresponding plots of α0 for δ = 0.1. Now there are three purely

imaginary poles at low densities. Two of these mimic closely what is found for δ = 0, i.e,

they coalesce and form a complex pole at a Kirkwood point that is not far removed from

the corresponding point for δ = 0. Once again one of these poles (dashed line) lies close

to the RPA solution α+
0 for very small values of ρλ−3. The third pole follows closely the

RPA spinodal pole α−
0 ; it decreases slowly with increasing ρλ−3 for small densities before

decreasing rapidly to zero at the spinodal point which is at ρλ−3 ≈ 1.01, slightly higher

than the value ρλ−3 = 0.98 found from the RPA. We refer to the third pole as the HNC

spinodal pole.

It is evident from Fig. 5.3 that within the HNC, as in the RPA, the purely imaginary

‘spinodal’ pole with α0 < λ will determine the ultimate decay of hij(r) which will be

monotonic for all densities provided 0 < x2 < 1. The ultimate decay cannot be oscillatory.

Although there is still a Kirkwood-like crossover, this now involves higher order poles

rather than the leading order poles, which was the case for δ = 0. The corresponding

crossover line is shown as the dotted line in the (x2, ρλ
−3) phase diagram for δ = 0.1

displayed in Fig. 5.6. Note that the line lies far below the HNC spinodal (diamonds).

Crossover does not influence the ultimate decay of hij(r) which is stubbornly monotonic.

Of course, this does not mean that we do not find oscillations at intermediate r. For
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densities larger than the crossover value the HNC pole analysis predicts, for r → ∞,

rhij(r) ∼ Aij exp(−α0r) + 2Ãij exp(−α̃0r) cos(α1r − θ̃ij) (5.3.9)

with α0 < α̃0. Provided Ãij ≫ Aij and we are not close to the spinodal (α0 = 0) the

oscillatory contribution will be significant in the intermediate regime.

An example is given in Fig. 5.5 which compares the full numerical result for h22(r)

with the contribution given by Eq. (5.3.9) for a statepoint (x2 = 0.99, ρλ−3 = 0.05)

where the amplitude of the spinodal pole is very small. On a normal scale plot h22(r)

is well-described, for λr & 1.5 by the contribution from a single conjugate pair of poles,

i.e. by the second term in Eq. (5.3.9). The inset to Fig. 5.5 plots ln |rh22(r)| for a larger

range of λr. Now the oscillations are apparent but we observe monotonic (exponential)

decay, described accurately by the first term in Eq. (5.3.9), for λr & 14 (dotted line).

The amplitude λA22 of the spinodal pole contribution is ∼ 10−6 so this contribution does

not become significant until large separations r. Of course such a contribution might

be impossible to detect experimentally or in simulations. We conclude that although a

pair correlation function might exhibit many oscillations, the ultimate decay can still be

monotonic. Note that for a state point closer to the spinodal, such as in Fig. 5.1(c) where

x2 = 0.5, ρλ−3 = 0.5 and α0/λ ≈ 0.72, the purely exponential contribution in Eq. (5.3.9)

dominates for λr & 3.

For a pure (one component) fluid there is no spinodal pole; within the HNC the

Kirkwood crossover occurs between leading-order poles. Therefore, on the axes x2 = 0

and x1 = 0 in Fig. 5.6 hii(r) must decay in an oscillatory fashion as r → ∞, provided we

consider states above the Kirkwood crossover densities. However, as we increase x2 (or x1)

infinitesimally the ‘spinodal’ pole makes a non–vanishing contribution to the correlation

functions and forces the ultimate decay of hij(r) to be monotonic. In order to understand

the evolution of this behaviour we must consider the amplitudes, Aij, of the ‘spinodal’ pole

as the concentration x2 vanishes along a line of constant total density. Fig. 5.4 shows results

for ρλ−3 = 0.5, a density that lies just above the Kirkwood crossover value, ρλ−3 ∼ 0.47,

for the pure fluid. The ‘spinodal’ pole α0/λ → 1− as x2 → 0, and the accompanying

amplitudes A11 (positive) and A12 (negative) both vanish, as power laws, in this limit.

It follows that the ‘spinodal’ pole makes contributions to h11(r) and h12(r) that become

vanishingly small in a continuous fashion, as x2 → 0. Thus for very small concentrations

h11(r) and h12(r) appear oscillatory until extremely large values of λr where the ‘spinodal’
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pole will dictate the final (monotonic) decay of these functions.

The amplitude A22 of the minority component, species 2, has a different variation.

As shown in Fig. 5.4, λA22 remains almost constant as the concentration is reduced and

tends to a non-zero value (0.84) at x2 = 0. At first sight this result is a little surprising.

However we should recall that physical observables such as probability distributions or

the liquid structure factors involve the product ρ2h22(r) which vanishes as x2 → 0. We

confirmed that our numerical results for the amplitudes satisfy the rule [47] A2
12 = A11A22

mentioned in Sec. 5.2.

At this point it is instructive to return to the RPA ‘spinodal’ pole. Recall that α−
0 is

given by Eq. (5.3.2) and the corresponding amplitudes by Eq. (5.3.6). If we Taylor expand

around x2 = 0 we find that

α−
0 = λ

(

1 − 2πρM22δ(2 + δ)

λ3T ∗
x2

)

+O(x2
2), (5.3.10)

A−
11 and A−

12 decay to zero as power laws in x2, and that A−
22 tends to a constant, i.e.,

A−
11 =

M2
22(1 + δ)2(2 + δ)δ

λT ∗M11
x2

2 +O(x3
2),

A−
12 = −M

3/2
22 (1 + δ)(2 + δ)δ

λT ∗M
1/2
11

x2 +O(x2
2), (5.3.11)

A−
22 =

M22(2 + δ)δ

λT ∗
+O(x2).

In the limit x2 → 0, λA−
22 = M22(2 + δ)δ/T ∗ which takes the value 0.84 for the present

choice of parameters: M22 = 4, δ = 0.1 and T ∗ = 1. This is the same limiting value

of the amplitudes as obtained in the HNC. Indeed we find that the RPA results for α−
0

and for the amplitude A−
ij are almost identical to those from the numerical HNC results

for concentrations x2 . 10−4. Thus, numerically, the limiting behaviour predicted by

Eqs. (5.3.10) and (5.3.11) pertains to the HNC as well as to the RPA. Note that the

coefficients of the leading order terms in Eq. (5.3.11) are consistent with the requirement

(A−
12)

2 = A−
11A

−
22.

It is not immediately obvious why the two (very) different closure approximations

should yield the same limiting behaviour for the pair correlation functions as x2 → 0.

That they do suggests that the limiting behaviour described by Eqs. (5.3.10) and (5.3.11)

should be valid more generally. In Appendix A we show that these results follow from the

natural division, Eq. (5.3.7), of the pair direct correlation functions into a Yukawa tail plus
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a short ranged contribution csrij (r). Provided the Fourier transforms ĉsrij (q) are sufficiently

well–behaved in the neighbourhood of q = iλ, Eqs. (5.3.10) and (5.3.11) should be valid

for any closure.

5.4 Phase Diagram and Lifshitz Line for δ = 0.1

The results presented in the last section imply that within the RPA and HNC introducing

a small degree of non-ideality into the pair potentials defining the mixture, i.e. imposing

δ > 0, leads to a ‘spinodal’ pole which dictates that pair correlation functions should

decay monotonically as r → ∞ for all state points, including those far removed from

the spinodal, where one might have expected oscillatory decay (within the HNC). In this

section we focus on the spinodal itself and the associated fluid-fluid phase separation.

The spinodal is the locus of points in the phase diagram at which the ‘spinodal’ pole

reaches zero. Within the RPA we can determine the spinodal by finding solutions of

α−
0 = 0, where α−

0 is given by Eq. (5.3.2) with the negative sign. This result is plotted

in Fig. 5.6 for δ = 0.1 and T ∗ = 1 (dashed curve). Within the HNC it is not possible

to determine the spinodal precisely. For certain densities and concentrations the HNC

approximation does not have solutions. However it is possible to calculate the position of

the HNC ‘spinodal’ pole as a function of ρλ−3 at fixed concentration and extrapolate to

zero as shown in Fig. 5.3. These spinodal points, obtained for a number of concentrations,

are shown in Fig. 5.6 (diamonds). The HNC spinodal lies close to that obtained in the

RPA.

Using the RPA we are able to write the reduced bulk Helmholtz free energy per particle,

f̃ , as a sum of ideal and excess parts [18, 15, 16, 17]

f̃(ρ, x2) = f̃id +
1

2
ρ[x2

1φ̂11(0) + 2x1x2φ̂12(0) + x2
2φ̂22(0)] (5.4.1)

where φ̂ij(0) = 4πǫMijλ
−3 is the q = 0 limit of the Fourier transformed pair potential. The

ideal part, f̃id(ρ, x2), contains the ideal free energy of mixing, β−1{x1 ln(x1) + x2 ln(x2)},
as well as a term in ρ that is irrelevant for phase behaviour. Eq. (5.4.1) corresponds to

calculating f̃ from the compressibility route, and the spinodal obtained from this equation

is identical to that obtained from the zeros of α−
0 . We now Legendre transform to the

Gibbs free energy g = f̃ + Pv, where v = 1/ρ is the volume per particle and the pressure

is given by P = −(∂f̃/∂v)x2
. Using the common tangent construction on g we obtain the
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Figure 5.6: Phase diagram for the binary Yukawa system with M22/M11 = 4, T ∗ = 1

and δ = 0.1. The system exhibits phase separation within both the RPA and HNC

closures. The RPA spinodal (dashed curve) meets the RPA binodal (solid curve) at the

critical point ◦. The HNC spinodal points (diamonds) were calculated by extrapolating the

‘spinodal’ pole to zero along lines of constant concentration and increasing density. The

HNC binodal was calculated using the method outlined in the text; the straight segments

are tie-lines connecting coexisting fluid phases denoted by crosses and correspond to the

following reduced pressures βPλ−3 = 20, 22, 25, 30, 35, 40, 45 and 50. Also shown is

the Lifshitz line for SNN (q) calculated in both the RPA (dash-dotted) and HNC (crosses).

The dotted line at low density denotes Kirkwood crossover from monotonic to oscillatory

decay of correlation functions. However for δ > 0 and 0 < x2 < 1 the true asymptotic

decay remains monotonic even for states above the line – see text.
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binodal which is also plotted in Fig. 5.6 (solid curve). The binodal and spinodal meet at

the critical point near x2 = 0.27, ρλ−3 = 0.88.

In implementing the HNC we choose to calculate the thermodynamic functions locally,

thereby avoiding thermodynamic integration. We begin by tracing out isobars across the

phase diagram with the pressure given by the virial route:

βP

ρ
= 1 − 2πρ

3

∑

i

∑

j

xixj

∫ ∞

0
drr3

dβφij(r)

dr
gij(r). (5.4.2)

Along the isobars we calculate the HNC chemical potentials

βµi = ln(ρiΛ
3
i ) (5.4.3)

+
∑

j

ρj

∫

dr

{

hij(r)

2
[hij(r) − cij(r)] − cij(r)

}

where Λi is the (irrelevant) thermal de Broglie wavelength of species i, with i = 1, 2. The

Gibbs free energy per particle is then given by g = x1µ1 + x2µ2. By fitting a polynomial

to these results we are then able to determine the binodal using the common tangent

construction. For the isobars that intersect the region for which the HNC does not provide

a solution we calculate the two ‘branches’ of the free energy and construct the common

tangent on these; the procedure is equivalent to that used in Ref. [15]. Nevertheless, for

state points close to the critical point it is not possible to determine the binodal. The

HNC binodal is shown in Fig. 5.6 (crosses connected by tie lines). This lies outside our

estimated HNC spinodal and fairly close to the RPA binodal. A slightly better level of

agreement between the HNC and RPA results for the binodal was found in Ref. [15] for a

softcore model of binary star-polymers.

Since the ‘spinodal’ pole dictates the ultimate decay of the pair correlations even for

states that are far removed from the spinodal it is instructive to seek some criterion which

indicates when contributions from the other pole(s) become important in determining the

structure of the fluid. One valuable indicator of the change in the latter is the Lifshitz line

which focuses on the behaviour of the fluid structure at small wave numbers q [15, 50, 51].

We define the partial structure factors as ([52] and references therein)

Sij(q) = δij + (xixj)
1/2ρĥij(q), (5.4.4)

and concentrate on the number-number structure factor

SNN (q) = x1S11(q) + x2S22(q) + 2(x1x2)
1/2S12(q). (5.4.5)
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As we approach the critical point or, indeed, the spinodal, the partial structure factors

diverge at small q: S11(q = 0) and S22(q = 0) → +∞ and S12(q = 0) → −∞. These

divergences are reflected in the linear combination, i.e. SNN (q = 0) → +∞.

We define the Lifshitz line as separating regions of the phase diagram for which SNN (q)

has a local maximum or a local minimum at q = 0. We choose SNN (q) because i) it is

the most symmetrical combination of the partial structure factors, and ii) it diverges in a

similar manner on both sides of the phase diagram. Formally we make a small q expansion

of SNN (q):

SNN (q) = a(ρ, x2) + b(ρ, x2)q
2 +O(q4), (5.4.6)

so that the Lifshitz line is the locus of points for which b(ρ, x) = 0 [15, 50, 51]. This line is

calculated in both the RPA and HNC and the results shown as the dash-dotted curve and

crosses, respectively, in Fig. 5.6. We find that there is good agreement between the two

closures, suggesting that in this region of the phase diagram the RPA should become a

fairly reliable approximation for describing the structure of the system - at least for small

wavenumbers q. We have already noted that in the neighbourhood of the spinodal the

‘spinodal’ pole dominates the total correlation functions on both intermediate and long

length scales, and that the ‘spinodal’ poles are reasonably close in the two approximations

(see Fig. 5.3).

5.5 Discussions and Conclusion

In this chapter we have investigated the structural and thermodynamic properties of binary

mixtures of particles interacting via purely repulsive (point) Yukawa pair potentials. We

have used two approximate closures to the OZ equations in order to calculate the fluid

properties: the simple RPA allows us to elucidate analytically some important properties,

and the HNC approximation is expected to be very accurate for the Yukawa fluid at the

intermediate fluid densities relevant to the present work. This expectation stems from the

fact that the HNC closure correlation functions are rather accurate for the OCY [45, 46].

For the ‘ideal’ mixture, with δ = 0, the RPA approximation gives a poor description

of the fluid structure, predicting monotonic (exponential) decay of rhij(r) for all state

points in the phase diagram rather than the Kirkwood crossover line that is manifest in

the HNC – see Fig. 5.2. No fluid–fluid phase separation occurs for δ = 0. By contrast,

when δ > 0 an additional purely imaginary pole arises within the HNC approximation for
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ĥij(q). This ‘spinodal’ pole governs the phase separation in the mixture for the non–ideal

case. Since the RPA provides a good account of this pole – see Fig. 5.3 – it follows that

the RPA also yields fluid-fluid transition boundaries that are quite close to those from the

more accurate HNC – see Fig. 5.6. The amplitude A−
ij of the spinodal pole contribution to

hij(r) becomes increasingly large with increasing proximity to the spinodal, and this pole

provides the dominant contribution in the region of the phase diagram near the spinodal

(roughly the region enclosed by the Lifshitz line – see Fig. 5.6).

For states away from the spinodal/binodal, particularly in the limits x1 → 0 or x2 → 0,

the amplitudes of the contribution from the spinodal pole to the majority species correla-

tion function hii(r) (where i is the majority species) and to h12(r), become very small – see

Figs. 5.5 and 5.4. One must magnify the large r tail of these correlation functions in order

to see the contribution from the spinodal pole. Above the Kirkwood line, but well away

from the spinodal, the intermediate r decay of hij(r) is damped oscillatory; the oscillations

can persist to large r, before the monotonic decay from the spinodal pole finally domi-

nates at very large values of r. This result is quite unusual, since one generally expects the

leading order pole to dominate the decay of hij(r) at both large and intermediate values

of r [45, 47, 49]. In the limit x2 → 0, the spinodal pole → iλ and the amplitudes, A−
11 and

A−
12, of the contribution of to h11(r) and to h12(r) have a power law dependence on x2 (see

Eq. (5.3.11)), vanishing in the pure fluid of species 1. However, the amplitude, A−
22, of the

contribution from the spinodal pole to h22(r) tends to a non–vanishing value in the limit

x2 → 0. This means that for small values of x2 the nature of the decay of the correlation

function h22(r) can be very different from that of h11(r) and h12(r), a situation which has

not been encountered in other fluid mixtures.

It is important to emphasise that the amplitude A−
22 tending to a non-zero value in

the limit x2 → 0 does not imply any pathological consequences for thermodynamic or

measurable structural quantities. As pointed out earlier, physical observables such as

the liquid structure factors involve the product ρ2h22(r) which vanishes as x2 → 0. One

exception to this rule is the effective potential between two particles immersed in a solvent

of the other species. The effective potential φeff
22 (r) between two particles of species 2 at

infinite dilution is related to the radial distribution function, in the limit x2 → 0, by

g22(r) ≡ exp(−βφeff
22 (r)). (5.5.1)

Clearly φeff
22 (r) depends on the density and temperature of the solvent (species 1). We
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define the solvent-mediated potential W22(r) via φeff
22 (r) ≡ φ22(r) +W22(r), where φ22(r)

is the bare (direct) potential between the two particles. W22(r) depends on the nature

of the solvent and on the solvent-particle interaction. From Eq. (5.5.1) it follows that

W22(r) depends on h22(r) rather than ρ2h22(r). There are clear implications for the

form of φeff
22 (r) given that the amplitude of the contribution to h22(r) from the spinodal

pole is non–vanishing in the limit x2 → 0. We leave a full discussion to Ref. [53] but

point out that the presence of the spinodal pole, which occurs for any δ > 0, gives rise

to an effective potential that is attractive at sufficiently large distances and decays as

exp(−λr)/r, i.e. with the same length scale as the bare potentials.

Given that the Yukawa potential arises in a great variety of physical problems [54],

typically where there are big charged particles screened by a neutralising background

medium, we believe the present work should be relevant to systems ranging from charged

colloidal fluids [43] to dusty plasmas [44] and perhaps liquid metallic alloys.

We have chosen to focus on a simple example of a binary Yukawa mixture, namely one

in which the inverse screening length λ is the same for all ij pairs, as this is the situation

which arises naturally for charged particles immersed in a neutralising medium. One could,

of course, consider more complex examples with λ dependent on the species indices i,j.

Moreover, one could consider mixtures that correspond to negative non–additivity, i.e. with

δ < 0. In this case M12 <
√
M11M22 and the interactions should favour fluid–fluid mixing.



Chapter 6

Two Component Yukawa Fluid:

Wetting and Interfacial Properties

We investigate the interfacial properties of a binary point Yukawa fluid at a planar

wall and in the free fluid interface. Using a simple approximation to the free energy

functional, that yields the random phase approximation direct correlation functions, we

calculate the equilibrium density profiles and thermodynamic quantities. We show that for

a particular choice of wall potential and interaction parameters the density profiles can be

calculated from an ordinary differential equation. For interaction parameters that induce

phase separation in the bulk fluid we find that the fluid exhibits wetting in a region of the

phase-diagram close to the species-two poor side of the binodal; a thick layer of fluid rich

in species two is adsorbed at the wall, the thickness of which grows logarithmically as the

state-point approaches the binodal at constant total density. We show that the growth of

this film is related to the bulk correlation length of the intervening fluid. However, for an

adjacent region on the coexistence curve we find there is no thick wetting film. These two

regions are separated by a line of first-order surface transitions from thin to thick adsorbed

films. This indicates a classic first-order wetting transition. We show that for some other

choices of wall potential that the pre-wetting line is still present although its location and

extent in the phase diagram are strongly dependent on the wall-fluid interaction parameters.

Finally, we calculate the free fluid interface of the demixed fluid and show that the density

profiles are monotonic for all statepoints.

57
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6.1 Introduction

Having investigated some of the bulk properties of the two component point Yukawa

fluid we now investigate two inhomogeneous situations; a fluid at a planar wall, and

the interface between two coexisting fluid phases. We use the density functional theory

that we described in Chap. 3 to calculate the equilibrium density profiles and from these

the relevant thermodynamic properties. In the previous chapter we showed the simple

random phase approximation (RPA) is able to accurately model the large and intermediate

distance behaviour of correlations of the bulk fluid, provided that the fluid is at a state-

point reasonably close to the coexistence region. In the following we use a simple excess

free energy functional that generates the random phase approximation pair correlation

functions. Therefore we expect that, close to coexistence, the theory generates reasonably

accurate density profiles and adsorption behaviour. The bulk of this chapter focuses on

fluid density profiles at a set of planar, purely repulsive walls. In Chap. 4 we introduced

the concept of wetting and the growth of thick adsorbed liquid films. We also showed that

there may exist a first or second order transition between thin and thick adsorbed films.

The descriptions in Chap. 4 can easily be generalised to multi-component systems such as

the one we study here. At sufficiently high densities, our two component fluid demixes into

two phases, one of which is predominantly species one and one which is predominantly

species two. If the mixture is close to the species one rich phase coexistence region then,

for example, we may have wetting of the substrate by a thick layer of fluid with properties

similar to the species two rich phase. Furthermore this mixture may exhibit a first or

second order (critical) wetting transition, like the one component system. We also consider

the density profiles in the interface between co-exisiting bulk phases.

The work in this chapter was partly inspired by the density functional treatment of

wetting by Sullivan [55, 56]. He investigated both one and two component fluids where

all particle interactions featured a hardcore plus an attractive Yukawa tail. The excess

functional used was of the form in Eq. (3.2.17) where the short range part was treated

using a local density approximation. He showed that for a particular set of wall potential

and particle interaction parameters that the Euler-Lagrange (EL) equations arising from

minimisation of the density functional yield an ordinary differential equation (ODE) that

uniquely determined the equilibrium density profiles. The benefit of this approach was

that not only could the density profiles and surface tension be calculated easily without
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the need for sophisticated numerical schemes, but also that the criteria for different types

of film adsorption and wetting transitions could be easily established [57]. Furthermore

the model and the nature of the EL equations enabled the direct study of transverse

correlations between particles in interfaces [58]. We apply Sullivan’s method [55, 56] to

our two component Yukawa model and show that for a particular set of fluid-fluid and wall-

fluid interaction parameters we can also derive an ODE that determines the equilibrium

density profiles.

This chapter proceeds as follows: In Sec. 6.2.1 we re-introduce the binary point Yukawa

model and in Sec. 6.2.2 define the inhomogeneous scenarios and external potentials. In

Sec. 6.2.3 we re-state the main DFT results and in Sec. 6.2.4 demonstrate the method

of solving the EL equations for the planar density profiles via an ODE. In Sec. 6.3.1 we

present results for profiles at several types of wall. In Sec. 6.3.2 we display some results

pertaining to the free-fluid interface. Finally in Sec. 6.4 we present a discussion and

conclusion.

6.2 Background

6.2.1 Binary Yukawa Model Fluid

We consider a binary system of particles where all interaction potentials between species

i and j are point Yukawa functions;

βφij(r) =
Mij

4π

exp(−λr)
T ∗λr

, (6.2.1)

where β = (kBT )−1, T is the temperature, Mij is the dimensionless species specific inter-

action magnitude, and λ is an inverse decay-length. T ∗ = (βǫ)−1 is the reduced temper-

ature where ǫ is the energy scale. As in Chap. 5 the inter-species interaction magnitude,

M12 = (1 + δ)
√
M11M22, depends on a non-ideality parameter δ.

Note that these interaction potentials are identical to the model previously defined in

Chap. 5. However, in this section we have scaled all interaction magnitudes by a factor

(4π)−1. This scaling is purely for convenience so that we may implement directly the

method detailed by Sullivan [56] for solving for the density profiles. In the following we

use the model interaction parameters employed in Chap. 5, M11 = 1, M22 = 4 and δ = 0

or 0.1. The bulk phase diagram for the model fluid calculated using the RPA and δ = 0.1

is shown in Fig. 6.1. This shows the coexistence region bounded by the binodal, the
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Figure 6.1: The binary Yukawa bulk fluid phase diagram for interaction parameters M11 =

1, M22 = 4 and δ = 0.1 calculated using the RPA where ρb is the total density, and x2 is the

concentration of species two. At sufficiently high densities the fluid demixes into species

two rich and species two poor phases. The coexistence region is bounded by the binodal

(continuous line). The spinodal (short dashed line) indicates where the bulk correlation

length diverges. The binodal and spinodal meet at the critical point (◦). The straight

tie-lines connect coexisting phases with pressures βPλ−3 = 150, 200, 250, 300, 400, and 500

(from bottom to top). On the phase diagram we indicate three constant density paths

which terminate at the binodal on the species two poor side. We study how the density

profiles of the fluid at the walls change as we increase x2 along these lines. These paths

are at total densities A: ρbλ−3 = 30, B: ρbλ−3 = 24, and C: ρbλ−3 = 18. The inset shows

a close up of the three paths.
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spinodal, and the bulk critical point. In the RPA the scaling of the interaction potentials,

φij(r) by a factor A, results in an scaling of the total density in the phase diagram, ρb, by

a factor A−1. Thus in Fig. 6.1 the coexisting densities are larger than those in Fig. 5.6 by

a factor of 4π.

6.2.2 Inhomogeneous Scenarios and External Potentials

In this study we will investigate two inhomogeneous scenarios; a semi-infinite fluid at a

planar wall, and the interface between two coexisting fluid phases. The wall is introduced

via a species specific external potential Vi(z). We consider three different wall potentials,

though they are all based on (arguably) the simplest wall potential i.e. a hard-wall. This

is infinite for z < 0 and 0 for z ≥ 0:

Vi(z) =











∞ z < 0

0 z ≥ 0.
(6.2.2)

Note that this potential is not dependent on any energy or length parameters. The hard-

wall may be modified by adding an extra interaction for z ≥ 0. This may be repulsive,

attractive, or a combination of both. We restrict ourselves to purely repulsive potentials.

An exponential tail maintains an infinite step in Vi(z) at the origin:

Vi(z) =











∞ z < 0

ǫAi exp(−λz) z ≥ 0,
(6.2.3)

where Ai > 0 is the external potential magnitude for species i. We also consider a Yukawa

potential similar to the particle interaction

Vi(z) =











∞ z < 0

ǫAiexp(−λz)/λz z ≥ 0.
(6.2.4)

We note that the Yukawa potential radically modifies the hard-wall compared to the

exponential perturbation, as Vi(z) → ∞ as z → 0+; therefore there is no longer an infinite

step in Vi(z) at the origin, but a smooth increase. In both cases we set the wall length scale

equal to the interaction scale λ−1 to simplify the model; there are no competing length

scales in the interaction parameters. We specify a set of system boundary conditions,

which in this case require that the density profiles decay to their bulk values far away

from the wall,

lim
z→∞

ρi(z) = ρb
i . (6.2.5)
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For the fluid at a wall we characterise the density profiles by calculating the adsorption of

species i, Γi, which in the planar geometry concerned is

Γi =

∫

dz(ρi(z) − ρb
i ). (6.2.6)

In regions of the phase diagram where the density profiles vary smoothly as a function of

state-point we expect Γi to vary smoothly and in regions where the density profiles are

non-smooth functions of state-point, this will be reflected in Γi.

In treating the planar fluid interface at mean field level we do not require an external

potential, i.e. Vi(z) = 0, but instead introduce two sets of system boundary conditions.

For a pair of coexisting fluid phases, A and B, we require that far from one-side of the

free interface the density profiles reduce to their bulk values in phase A, while far from

the other side they reduce to the bulk values in phase B. These boundary conditions can

be written

lim
z→−∞

ρi(z) = ρb,A
i lim

z→+∞
ρi(z) = ρb,B

i , (6.2.7)

where ρ
b,A(B)
i is the bulk density of species i in coexisting phase A (B).

6.2.3 Density Functional Theory

In order to calculate the equilibrium density profiles we use density functional theory

which was outlined in Chap. 3. Since in the bulk fluid we found that the mean-field

random phase approximation was sufficient to model the dominant contributions to the

inter-particle correlations for state-points close to the coexistence region we use the excess

functional that generates the RPA direct correlation functions, Eq. (3.2.18), to model the

inhomogeneous fluid.

As we consider only planar external potentials the density profiles are planar, vary-

ing only in the z-direction, and therefore we can write the EL equations obtained from

minimising the grand potential Ω[{ρi}] as

µi − Vi(z) = µid,i(z) +

2
∑

j

∫

drφij(|r − r′|)ρj(z
′), (6.2.8)

where we have used Eqs. (3.2.4) and (3.2.18) and µid,i(z) is the local ideal chemical poten-

tial of species i µid,i(z) = β−1 ln(Λ3ρi(z)). This EL equation can be re-arranged to give

the relation

ρi(z) = ρb
i exp



−βVi(z) −
2
∑

j=1

∫

dr′βφij(|r − r′|)ρj(z
′)



 . (6.2.9)
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Using the external potentials and boundary conditions defined above we can solve Eq. (6.2.9)

to find the equilibrium density profiles that minimise the grand potential. In general the

EL equations (6.2.9) cannot be solved directly and we must calculate the density profiles

numerically using the scheme described in Chap. 3.

6.2.4 Differential Equation for Density Profiles

For a particular choice of wall and particle interaction parameters it is possible to show

that the EL equations yield an ODE that uniquely determines the density profiles. In

applying this method to our model we closely follow the derivation outlined in [56]. We

begin by setting the form of the external potential to the exponential type, as defined in

Eq. (6.2.3). Substituting (6.2.3) and (6.2.1) into the EL equation (6.2.8) gives

µid,i(x) − µi = −Aiǫ exp(−x) − 1

2

2
∑

j=1

Mijǫλ
−3

∫ ∞

0+

dx′ exp(−|x− x′|)ρj(x
′). (6.2.10)

where x = λz is a dimensionless length. Note that as the density profile is necessarily zero

for z < 0 (as a consequence of the external potential) the lower integral limit becomes 0+.

It can be shown [55, 56] that by taking two derivatives with respect to x on both sides of

Eq. (6.2.10) we obtain the following expression

d2µid,i(x)

dx2
= µid,i(x) − µi + ǫλ−3

2
∑

j=1

Mijρj(x). (6.2.11)

In order to solve the equations it is convenient to make a choice about the interaction

magnitude parameters, Mij . We consider the pair of equations formed by substituting

i = 1 and i = 2 into Eq. (6.2.10). By substituting one into the other and rearranging

it can be shown that the two equations that determine the density profiles can be made

independent of each other if, and only if, M12 =
√
M11M22 [56]. This is equivalent to

considering the renormalised charge parameters as ideal, i.e. δ = 0. It is also necessary

that the external potential parameters must be related by A2 =
√

M22/M11A1. Using

these parameters the density profiles are now related by a simple scaling factor,

µid,2(x) − µ2 =

√

M22

M11
(µid,1(z) − µ1). (6.2.12)

Now that we have reduced the problem to determining one function it is possible to

rearrange (6.2.11) to obtain an ODE to determine the profile of either species. Using the
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local Gibbs-Duhem relation

ρi(x) =
∂pid(x)

∂µid,i(x)
, (6.2.13)

where pid(x) is the local ideal pressure βpid(x) = ρ1(x) + ρ2(x) and substituting i = 1 we

can now write Eq. (6.2.11) as,

d2

dx2
µid,1(x) = µid,1(x) − µ1 +M11λ

−3 dpid(x)

dµid,1(x)
, (6.2.14)

where the total derivative is, in view of Eq. (6.2.12),

d

dµid,1(x)
=

∂

∂µid,1(x)
+

√

M22

M11

∂

∂µid,2(x)
. (6.2.15)

The total pressure, p, for the bulk system can be written as

βp = βpid +
λ−3

2
[M11(ρ

b
1)

2 + 2M12ρ
b
1ρ

b
2 +M22(ρ

b
2)

2]

= ρb
1 + ρb

2 +
M11λ

−3

2

[

ρb
1 +

√

M22

M11
ρb
2

]2

, (6.2.16)

where ρb
i is the bulk density of species i. By integrating both sides of Eq. (6.2.14), and

using the boundary conditions such that the pressure and the chemical potential decay to

their bulk values as x→ ∞ we find that
[

dµid,1(x)

dx

]2

= [µid,1(x) − µ1]
2 + 2M11ǫλ

−3[pid(x) − p]

≡ ψ(µid,1). (6.2.17)

This equation provides an implicit relation for the chemical potential, µid,1(x), and there-

fore the density profile ρ1(x). The final step is then to integrate, taking the correct limits

on the integral:

x =

∫ µid,1(x)

µid,1(0)

dµid,1(x)
√

ψ(µid,1)
. (6.2.18)

In order to calculate an explicit solution we must use some numerical method to solve the

ODE for example the Runge-Kutta method [59]. The only input that is required to this

equation is µid,1(x = 0) i.e. the value of the ideal gas chemical potential at the wall. By

differentiating Eq. (6.2.10), evaluating at x = 0, and substituting back one finds
[

dµid,1(0)

dx

]

= µid,1 + 2A1ǫ− µ1. (6.2.19)

This can be combined with Eq. (6.2.17) evaluated at x = 0, to yield the following relation

for µid,1(0):

2A1[µid,1(0) +A1ǫ− µ1] = M11λ
−3[pid(0) − p]. (6.2.20)
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Figure 6.2: The density profiles, ρi(z), of a two component Yukawa model at a hard-wall

with repulsive exponential tail calculated by solving the ODE, (6.2.18) – see text. The

solid line is ρ1(z) and the dashed line is ρ2(z). The parameters for the particle interaction

are M11 = 1, M22 = 4, and δ = 0, and the repulsive exponential wall parameters are

A1 = 1, which determines A2 =
√

M22/M11A1 = 2. The state-point is ρbλ−3 = 30 and

x2 = 0.5. For all sets of parameters and all state points the density profiles exhibit strong

adsorption at the wall but rapidly decay to their bulk values.

Thus given a pair of particle-particle interaction parameters M11 and M22, and one wall-

particle parameter A1, one may calculate the species 1 density profile from the rela-

tion (6.2.18) where the solution of Eq. (6.2.20) is used as input. Furthermore one may

then calculate the species two density profile from the relation (6.2.12). We examine

results from this analysis in Sec. 6.3.1.
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6.3 Results

6.3.1 Planar Walls

Exponential Wall: δ = 0.0

For this particular case we can use the analysis of Sec. 6.2.4. Since δ = 0 the fluid does

not de-mix at any density, as described in Chap. 5. Using Eqs. (6.2.18) and (6.2.20) we

calculate the density profiles, ρi(z) for various (exponential) wall parameters A1. Due to

the nature of the solution we note that all density profiles will be monotonically decreasing

functions of z. We find that for all values of A1 and all statepoints that ρi(z) exhibits

strong adsorption at the wall but the profiles always decay to their bulk values over a

distance ∼ ξ, the bulk correlation length. Such behaviour is found for all state-points,

and all combinations of interaction parameters provided δ = 0.0. In Fig. 6.2 we plot a set

of typical ρi(z) against z showing such behaviour. This simple behaviour can be inferred

from the model parameters. Since we have a binary fluid that does not de-mix we do not

expect any kind of behaviour such as wetting or layering, and both density profiles must

decrease monotonically.

Hard wall: δ = 0.1

For the fluid with δ = 0.1 the integral equations (6.2.9) were solved numerically as de-

scribed in Chap. 3. We first investigate the behaviour of the density profiles at the hard-

wall, given by Eq. (6.2.2). We find that the fluid exhibits very different behaviour de-

pending on the state-point, but that species two particles are always favoured by the wall.

For state-points far away from the coexistence region we find that for both species, the

density profiles show a thin adsorbed layer at the wall which decays to its bulk value over

a distance ξ < λ−1. For state-points to the right of the binodal featured in Fig. 6.1, i.e.

fluid states rich in species two, this type of decay behaviour is present for all state-points

up to, and including the binodal. However for state-points to the left of the coexistence

region in Fig. 6.1, i.e. state-points poor in species two, we find that that in some instances

the thickness of the adsorbed layer grows as we approach the binodal, while for others a

thin absorbed layer remains. In order to illustrate this point we consider three paths that

increase in species two concentration, x2, towards the binodal, at constant total densities.

These three paths A, B, and C, as indicated on Fig. 6.1, are at increasingly lower total
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Figure 6.3: The density profiles, ρi(z), of the Yukawa mixture with δ = 0.1 at a hard-wall

corresponding to path A in Fig. 6.1. The density profiles of species one are shown in the

main figure and the species two profiles are shown in the inset. For all concentrations,

up to and including coexistence the density profiles show strong adsorption at the wall,

but decay to the bulk densities over a distance, ξ, the bulk correlation length. The state-

points shown are for λ−3ρb = 30, and x2 = 0.0013 to x2 = 0.0033 ≃ x2,coex the coexistence

state-point, as indicated by the dashed lines.

densities, moving closer to the bulk critical point.

On path A, situated at total density ρbλ−3 = 30, we find that for all concentrations

along the path the density profiles decay to their bulk values over a distance ∼ ξ, and the

adsorption of species two, Γ2, remains finite up to and including coexistence. Examples of

typical density profiles from path A are shown in Fig. 6.3, illustrating the strong absorption

at the wall and the short decay length. If now we consider path C, constant density

ρbλ−3 = 18, we find that the density profiles are radically different for state-points that

approach coexistence. Instead of there being a thin, finite adsorbed layer for both species,

we find that the there is a thick layer rich in species two that is adsorbed at the wall.

As x2 increases towards the binodal the thickness of this layer grows rapidly and as the

concentration approaches the coexistence value the intervening layer becomes infinitely

thick, i.e. Γ2 → ∞ as x2 → x2,coex. The growth of this adsorbed layer with concentration
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Figure 6.4: As with Fig. 6.3 but for path C. For concentrations close to the binodal the

density profiles exhibit a thick wetting film between the bulk fluid and the wall. This

thickness of this film grows logarithmically as x2 approaches coexistence. The profiles

correspond to the state-points λ−3ρb = 18, and x2 = 0.022 to x2 = 0.042. As the

concentration approaches the binodal, the thickness of the film grows infinitely thick, as

indicated by the dashed density profiles for which x2 → x2,coex ≃ 0.04207.

is termed complete wetting and was introduced in Chap. 4. The density profiles from path

C are displayed in Fig. 6.4 which shows the film thickness diverging as the concentration

increases. The manner in which the adsorption increases as the state-point approaches

coexistence was considered in Chap. 4 for a one-component fluid with gas and liquid

phases. For gas densities off bulk coexistence a thick film may be present at the wall. We

showed that the thickness of this film, l, diverges as l ∼ −ξw ln |ρg − ρb| where ξw is the

wetting film length scale and ρg is the gas coexistence density. Provided l is large, the

adsorption at the wall increases with l; Γ ≃ (ρl − ρg)l, where ρl is the coexisting liquid

density. For the present two component system we are interested in the adsorption of

species two, Γ2. It can be shown that as x2 approaches coexistence at constant ρb then Γ2

is given by

Γ2 ∼ −l0(ρb,B
2 − ρb,A

2 ) ln |x2 − x2,coex| (6.3.1)
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Figure 6.5: The species two adsorption, Γ2, (points) plotted against ln |x2 − x2,coex|, the

natural logarithm of the difference between the species two concentration and the value

at coexistence calculated along path C in Fig. 6.1, which is at total density ρbλ−3 = 18.0.

The solid line plots Eq. (6.3.1) where ξw is the correlation length of the wetting fluid phase

calculated from the RPA.

where ρb,B
2 − ρb,A

2 is the difference in species two bulk density between the two coexist-

ing phases, and l0 is the dominant correlation length. For the present wall potentials,

Eqs. (6.2.2)–(6.2.4), l0 = ξw, the bulk correlation length of the wetting fluid phase rich in

species two. This relationship is demonstrated for statepoints along path C in Fig. 6.5. As

the concentration approaches coexistence so the density profiles and adsorptions change

smoothly, ultimately diverging as x2 → x2,coex. Fig. 6.5 also compares Γ2 obtained from

the DFT results along path C to Eq. (6.3.1) where ξw = α−1
0 , where α0 is the imaginary

part of the dominant pole(s) in the wetting phase as described in the previous chapter.

Finally we consider path B, which has constant total density ρbλ−3 = 24.0. As we

increase the concentration, we initially find that the density profiles have a short ranged

decay similar to the density profiles on path A. However as we continuously increase the

concentration we find that the density profiles, and the adsorptions Γi, suddenly jump from

Path A type behaviour to Path C type behaviour. On increasing the concentration further

so that it approaches the coexistence value we find that Γ2 diverges in a manner similar



70 Two Component Yukawa Fluid: Wetting and Interfacial Properties

0.0

20.0

40.0

60.0

80.0

100.0

120.0

140.0

0.0 1.0 2.0 3.0 4.0 5.0 6.0

ρ 1
(z

)λ
-3

λz

Increasing x2

0.0

20.0

40.0

60.0

80.0

100.0

0.0 0.5 1.0 1.5 2.0 2.5 3.0
ρ 2

(z
)λ

-3

Increasing x2

Figure 6.6: Density profiles as in Fig. 6.3 but for path B. The figure shows the set of density

profiles where the adsorptions, Γi, jump discontinuously as x2 is changed continuously.

The state-points shown are, ρbλ−3 = 24.0, and x2 = 0.0091, 0.0095, 0.0096, 0.0097 and

0.0098. The thin-thick transition occurs between x2 = 0.0095 and 0.0096, and for larger

concentrations the thickness of the wetting layer grows logarithmically. The position of

this transition marks the hard-wall pre-wetting line, which descends in the phase diagram

tangentially from the binodal.

to that described for Path C. This jump in density profiles and adsorption denotes a point

on the pre-wetting line in the phase diagram that separates regions with thick and thin

adsorbed films. We show how the density profiles change on crossing the pre-wetting line

in Fig. 6.6. In Fig. 6.7 we show the behaviour of Γ2 from the density profiles is compared

to the results of Eq. (6.3.1) using the bulk correlation length of the wetting phase, l0 = ξw.

Far from coexistence the density profiles and adsorption do not change significantly as we

increase the concentration. On crossing the pre-wetting line we find a discontinuous jump

in both ρi(z) and Γi. As we continue to increase x2 towards coexistence we find that the

thickness of the adsorbed film grows rapidly and Γ2 diverges as described in Eq. (6.3.1).

In order to establish the location of the pre-wetting line it is necessary to not only

look at the density profiles and the adsorption, but also the grand potential, Ω. This

is because it is necessary to establish the density profile that truly minimises the free
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Figure 6.7: Same as Fig. 6.5 except calculated along path B in Fig. 6.1, ρbλ−3 = 18.0.

The jump in the adsorption near ln |x2 − x2,coex| = 6.3 corresponds to the pre-wetting

transition. The solid line plots Eq. (6.3.1).

energy. Therefore we calculate Ω[{ρi}] by scanning along the phase-diagram on lines of

constant total density, for both increasing and decreasing concentration. By plotting the

free energy against the concentration we find that in the vicinity of the pre-wetting line the

free energy has two branches, where one branch corresponds to the thick adsorbed film,

and the other to the thin film. The concentration where these two lines cross (where the

free energies of the thick and thin film branches are equal) indicates the pre-wetting line.

At the cross-over concentration the gradient of the free energy, dΩ/dx2, changes abruptly,

indicating a first order pre-wetting transition. By examining a number of total densities

we are able to map out the location of the pre-wetting line on the phase diagram. We find

that it extends out at a tangent from the binodal, as discussed in Chap. 4 and Ref. [42],

and terminates in a critical point; where the difference between Γ2 for the thin and thick

branches goes to zero. The location of the hard-wall pre-wetting line is shown in Fig. 6.8.
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Figure 6.8: The hard-wall pre-wetting line, plotted in the total density-concentration

plane. The main figure is a closeup of the pre-wetting line (dashed line) showing how it

descends tangentially from the binodal, and terminates in a critical point, indicated by •,
at position (ρb

cλ
−3 = 22.5, x2,c = 0.012). The inset shows the location of the hard-wall

pre-wetting line relative to the binodal (solid line) and spinodal (dotted line) on a larger

scale, where the bulk critical point is indicated by ◦.

Repulsive Exponential and Yukawa walls

As the hard-wall does not have any adjustable parameters the location of the pre-wetting

line is fixed for the current set of particle interaction parameters. However if we consider

the hard-wall with repulsive exponential or Yukawa tails, Eqs. (6.2.3) and (6.2.4), there

are two independent parameters, the particle-wall interaction magnitudes Ai, which may

be varied. Studying various combinations of parameters we find that the occurrence of

wetting, and the existence and location of a pre-wetting line is strongly dependent on the

interaction magnitudes. For combinations of parameters where Ai ≃
√
Mii we find that

with either the exponential or Yukawa wall there is a pre-wetting line that is not too far

removed from the hard-wall pre-wetting line, see Fig. 6.9. If we increase A2 relative to A1

we find that the pre-wetting line moves down the binodal, towards the bulk critical point.

However as it approaches the critical point the transition might change to a continuous
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wetting transition, though we have not investigated this. If A2 is increased significantly

then the pre-wetting line moves down towards the critical point and the fluid is non-

wetting for all state-points. Conversely if A2 is decreased relative to A1 we find that the

pre-wetting line moves up the binodal creating a larger wetting regime. For all regions

where there is wetting Γ2 increases as in Eq. (6.3.1) irrespective of interaction magnitudes.

6.3.2 The Free Fluid Interface

Using the free fluid boundary conditions (6.2.7) we calculate the density profiles of the free

interface at a series of coexisting state-points. For all state-points we find that the free

interface profiles vary monotonically as a function of position, similar to a tanh(z) function.

This monotonic nature is due to the dominant exponentially decreasing monotonic decay

of correlations that is present in the bulk fluid. Examples are shown in Fig. 6.10. The

results should be contrasted with similar DFT studies [15, 16, 60, 61] for other types of

fluid where it is found that the density profiles exhibit oscillations on either one or both

sides of the free interface. In these studies the dominant decay of correlations is determined

by a conjugate pair of complex poles at the relevant state point.

6.4 Discussion

We have shown that within a mean field RPA description of DFT the density profiles for

a two component point Yukawa model with a particular set of model parameters could

be calculated via a first order differential equation. However the restriction of parameters

ensures that one does not get fluid phase separation and therefore the fluid does not wet

the wall.

For the general non-restricted model we must solve for the density profiles numerically.

As we choose a set of parameters that induce phase separation, as discussed in Chap. 5,

it is not surprising that for choices of wall potential where species two is more strongly

preferred than species one we find a thick film rich in species two at the wall. We find

that in the complete wetting regime the thickness of this film increases logarithmically as

we approach coexistence on the species-two poor side.

We also find a line of first-order surface phase transitions that separates regions of

the phase diagram where there is a thick or a thin adsorbed film. We found that the

pre-wetting line is present for various wall potentials but that its location is very sensitive
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Figure 6.9: The pre-wetting lines for the two component Yukawa fluid at hard-walls with

repulsive exponential and Yukawa tails, plotted alongside the binodal. The hard-wall pre-

wetting line (continuous line terminating at a critical point denoted by •) is the same as

shown in Fig. 6.8. Close to this is the pre-wetting line for the hard-wall with repulsive

exponential tail (6.2.3) with parameters A1 = 1.0, A2 = 2.0 (dashed line, critical point

denoted by •). Further down the binodal is the pre-wetting line for the hard-wall with

repulsive Yukawa tail (7.3.1) with parameters A1 = 1.0, A2 = 2.0 (dotted line, critical

point denoted by •). The pre-wetting lines for the present exponential and Yukawa wall

parameters are much shorter than the hard-wall line though by varying A1 and A2 the

location and extent of the pre-wetting line can be varied – see text.
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Figure 6.10: A set of typical free interface density profiles of the two component Yukawa

fluid. The density profiles, for species one and two are shown are calculated at the following

pressures, βPλ−3 = 480, 235, and 155, labelled I, II and III, respectively. For all pressures

the density profiles are monotonic functions of distance.

to the wall interaction parameters. We have not investigated the effect of using various

decay lengths though we expect it to make a difference not only to the existence of the

pre-wetting transition but also to the ‘rate’ of the growth of the thick film, Eq. (6.3.1) [62].

If the wall potential is of the form (6.2.3) or (6.2.4), with a decay length γ, then we expect

that l0 in Eq. (6.3.1) to be either the bulk correlation length of the wetting phase, ξw, or

γ, whichever is longer [41].

For the free fluid interface we found that the density profiles were monotonic for all

sets of co-exisiting state points. Although we have not presented the results here, we have

studied the existence of the pre-wetting line and the growth of the wetting film using a

more complicated functional expansion that uses the bulk hypernetted-chain correlation

functions, cij(r), as input to the functional [24]. We found that for various wall poten-

tials the location of the pre-wetting line obtained from the HNC and RPA functionals is

relatively similar given the differences in the location of the two binodals, see Chap. 5.

However, because this functional relies on the bulk correlation functions as input it is

difficult to implement in the case of the free interface.
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At present there are is no simulation data with which we can compare our predictions

for the binary point Yukawa model, but we do find the existence of first-order pre-wetting

transitions and logarithmic growth of thick fluid films in similar studies of soft-core po-

tentials [15, 62]. We note that our treatment is purely mean-field and capillary wave

fluctuations are omitted. Although there is a rich phenomenology associated with cap-

illary fluctuations we believe that it would leave the first order pre-wetting transition

behaviour unchanged.



Chapter 7

Adsorption of a Colloidal Particle

at Planar Interfaces

The adsorption of colloidal particles at fluid interfaces is important for a number of

industrial processes, the study of self-assembly of particles and the phase behaviour of two

dimensional fluids. We investigate the adsorption at a large test particle immersed in a

binary fluid (solvent) of point Yukawa particles for i) a macroscopic film at a planar wall

and ii) a planar fluid-fluid interface. Using a simple mean-field density functional theory

we calculate the series of equilibrium density profiles of the inhomogeneous fluid as the

distance of the test particle from the interface, z0, is varied. For sufficiently large test

particles we find that as the test particle approaches the interface the fluid undergoes a

transition from an almost unperturbed state to a state where the interface bends a meso-

scopic distance around the test particle. From the density profiles we calculate the total

excess grand potential of the entire system, Ω(z0), due to the insertion of the test particle.

Within our mean-field approximation the onset of interface bending is accompanied by a

first-order like transition in Ω(z0), where dΩ(z0)/dz0 changes abruptly. Beyond mean-

field we estimate that the distance that the transition occurs, z0,t, is in fact smeared out

over a small distance δz0,t ∼ 10−3z0,t. Furthermore for test particle distances where there

is interface bending we find that Ω(z0) varies significantly with z0. For certain cases we

find that there is a deep local minimum in Ω(z0) close to the interface indicating a stable

adsorbed test particle position.

77
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7.1 Introduction

There has been much research in the last decade or so on the adsorption of colloidal par-

ticles at interfaces both in terms of industrial applications, but also the novel structures

and processes that interface confinement brings. We give a sample of relevant investi-

gations below but for a recent review we direct the reader to Ref. [63]. The adsorption

of colloidal and nano-scale particles at interfaces is important for a number of industrial

processes including foams, lubrication, adhesion, and stabilising emulsions [64, 65, 66, 67].

There are also uses as building blocks for materials with specific mechanical, optical and

magnetic properties [68]. In particular Langmuir trough techniques allow the size and

interaction strengths of the nano particles to be characterised and monolayers may be

transfered from the trough onto solids [69]. There are a number of applications in the

self assembly of colloids adsorbed at the interface [70, 71], for example in the study of

quasi two-dimensional fluids and crystals [72, 73, 74, 75, 76], and research into the study

of arrays of particles [77, 78].

In this chapter we investigate the equilibrium behaviour of a large test particle im-

mersed into an initially inhomogeneous binary fluid of smaller soft-core particles. This

fluid separates into two fluid phases, one rich in species two and one poor in species two.

We utilise two inhomogeneous fluid systems where there is a planar interface separating

the two fluid phases. Using density functional theory (DFT) we calculate the inhomoge-

neous equilibrium density profiles that result from inserting the test particle at a range

of distances from the interface. From these density profiles we calculate the excess grand

potential of the fluid-test particle system as a function of test particle distance to the

interface. This yields the effective interaction potential between the interface and the test

particle, which is in turn related to the force exerted on the test particle.

The model fluid that we use is the two component point Yukawa potential fluid that we

have studied in the previous two chapters. The two inhomogeneous systems described are

those in the previous chapter, namely, a planar wall where a thick film rich in species two

is adsorbed at the wall, and the fluid-fluid interface between the two co-existing phases.

Since we have studied the bulk correlations, and interfacial behaviour of the Yukawa fluid

we can apply much of that to this study. We investigate the behaviour of the initially

homogeneous fluid in the presence of the large test particle, and show that it induces the

adsorption of a thick film rich in species two around it. Finally, we investigate the fluid
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profiles for the colloidal situated at a distance from the interface.

This chapter proceeds as follows: In Sec. 7.2 we review some of the basic theory

concerning the test particle interactions as well as detailing the results of other approaches.

In Sec. 7.3 we outline the theory and model system. In Sec. 7.4 we present the results of

this investigation, firstly for the wall case, and then for the fluid-fluid interface. Finally

in Sec. 7.5 we present a discussion of the results.

7.2 Review of Theoretical and Simulation Techniques.

7.2.1 Classical Non-deformable Interface.

The simplest theory of a single particle adsorbed at a planar fluid-fluid interface [63]

considers the total interfacial free energy from contributions between the two phases and

the test particle. This is written as a function of the surface tensions γij and interfacial

areas Aij, where i and j are the two fluid phases 1 and 2 and the particle p. The distance

from the test particle to the centre of the interface is denoted h and the particle radius R.

The total interfacial free energy is then written as

Fint = γ12Ap

[

−1

4
(1 − h

2
) +

1

2
cos θ0(1 − h) +

1

2
τ

√

1 − h
2
]

(7.2.1)

where Ap = 4πR2 is the area of the particle, h = h/R is a scaled distance, the contact

angle is defined by Young’s equation, cos θ0 = (γp2 − γp1)/γ12, and τ is the reduced line

tension

τ =
τ

γ12

√

Ap/4π
. (7.2.2)

The line tension was originally introduced by Gibbs [79] to describe the excess free energy

associated with the line where the three phases meet. This quantity can be positive or

negative and small compared to the surface tensions. However the experimental measure-

ment of line tension has proved difficult and there is a large uncertainty even in the order

of magnitude [80].

Although this description of the free energy is suitable for modelling reasonably large

particles in an interface it does not describe the bending of the interface nor does it

take explicit account of thick films adsorbed around the particle. Moreover, it does not

explicitly account for long range particle-fluid interactions. One possibility is to modify

Eq. (7.2.1) by replacing the particle by ‘the particle and its adsorbed film’. The values of
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surface tension and area must be rescaled and the three phase contact line would now refer

to the contact region between phases 1, 2 and the adsorbed film. The model (7.2.1) also

generates up to two first order transitions at the edges of the interaction region, h = ±1

where the force on the particle, −dF (h)/dh, exhibits an abrupt change.

7.2.2 Deformable Interfaces.

There have been also been various attempts to study the interactions between a deformable

interface and a particle. We describe three different approaches based on the balancing

forces, simulation, and density functional theory. Oettel and others [81, 82, 83, 84] have

expanded Eq. (7.2.1) to account for deformations in the shape of the interface due to

interface attachment to the test particle. As well as studying solitary particles they have

also been able to investigate the interactions between adsorbed particles, in particular the

capillary interactions mediated by the interface. Bresme and coworkers [85, 86, 87, 88, 89]

have conducted extensive investigations into the adsorption of spherical, and non-spherical

particles at interfaces using molecular dynamics simulations. They have studied wetting

and drying transitions at spherical particles, as well as computing line tensions. Allen

and Cheung [90, 91, 92] have used density functional theory to investigate the effective

interactions between a cylindrical colloid and a wall in a fluid of rods. In the nematic

phase they find that the interaction is short ranged. In the isotropic phase they find an

attractive long-ranged effective interaction that also exhibits a first-order like kink. This

is due to the formation of an nematic bridge that forms between the cylinder and the wall.

The authors go on to investigate the interactions between two particles in the otherwise

homogeneous isotropic and nematic phases.

7.2.3 Relationship to Solvent Mediated Potentials.

This investigation is, in many ways, similar to those that a number of other authors [93,

94, 95] have conducted into the effective interaction between two large particles in a fluid

comprised of smaller particles, i.e. the solvent mediated potential. As an example we

briefly outline the method and results of Ref. [96]. The authors study two large soft-

core particles separated by a distance h inserted into a two component soft-core fluid

that demixes into two phases A and B. Using a brute force DFT method, very similar

to the one we will utilise, they calculate the equilibrium density profiles of the fluid in
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the presence of these particles. For solitary particles in phase A they find that there is a

thick layer of (phase B) fluid adsorbed around the particle. If two particles in the phase

A fluid are brought together there is transition distance, ht, at which the films around the

particles coalesce, bridging the gap. This film is then present between the particles for

all h < ht. Calculating the grand potential of the fluid for a range of h they obtain the

solvent mediated potential, W (h) = Ω(h) − Ω(h → ∞), between the two large particles.

For values of h where there is no bridging film W (h) does not vary significantly with h.

The onset of the bridging film between the test particles is accompanied by a first order

like transition in W (h) where dW (h)/dh jumps abruptly. In the region where there is a

very long bridging film they find that W (h) decays very rapidly with h and that as h→ 0

so W (h) flattens out to a minimum, of ∼ −650kBT . This indicates a strong attraction

between the two particles. The authors conclude that the first order like transition inW (h)

is an artifact of the mean-field nature of the DFT calculations and that the transition is

actually smoothed out over a length scale δht ∼ 10−2ht. The results were compared with

those obtained from an analytic approximation to the density profiles, and an approach

based on an approximation to an exact result [94]. This has further relevance for our

studies since in the limit where one of the particles is infinitely big then this corresponds

to the case of a particle at a wall.

7.3 Theory and Model System

7.3.1 Practical Concerns

One of the aims of this investigation is to calculate a series of inhomogeneous fluid density

profiles, ρi(r), representing the effect of inserting a large test particle at a distance z0 from

the interface. These density profiles will have a radially symmetric cylindrical geometry,

ρi(r) = ρi(z,R), where z is the perpendicular distance to the interface and R =
√

x2 + y2

is the radial distance from the centre of the test particle parallel to the wall.

In Chap. 3 we described the general method for calculating the set of equilibrium

density profiles, ρi(r), from density functional theory on a one-dimensional grid in the

continuum limit, i.e. with a grid spacing dx → 0. For two dimensional calculations,

particularly where we require a large computation region (the region in which the density

profiles are allowed to vary freely), it is necessary that we use a much larger grid spacing,

dz = dR, so that computer memory and time costs can be reduced. The use of a large grid



82 Adsorption of a Colloidal Particle at Planar Interfaces

spacing has a number of consequences for the density profile solutions. Firstly, rapidly

varying oscillations in the density profiles become difficult to model accurately which

introduces errors in calculating fluid properties that require integrating over the density

profiles. Furthermore, a large grid spacing can dramatically alter the behaviour exhibited

by the fluid, a problem that we will show is particularly acute for the system we study.

To overcome these problems we make some particular choices for the model interaction

functions and parameters. The reasoning behind the model choices are explained as we

encounter them.

We also stated in Chap. 3 that in the cylindrical geometry it is impossible to use fast

Fourier transforms directly to calculate convolutions and so we must calculate these man-

ually through quadrature. For two-dimensional calculations the time taken to calculate a

convolution scales with the length of the interaction range squared, therefore it is prudent

to use a reasonably short interaction length. This is achieved through either truncation

of the pair potential or more accurately, cutting and shifting the pair potential, which is

described below.

It is also important to consider how the size of the computation region affects the

calculated density profiles and fluid properties. On one hand, given a fixed grid spacing,

the time required to calculate ρi(r) scales with the size of the computation region. On

the other hand, if the computation region is too small so that variations in the density

profiles are artificially restricted, then we are not calculating the true behaviour density

profile behaviour, which in turn may adversely affect the calculation of fluid properties.

We must then strike a balance between the grid spacing, dz = dR, and the size of the

computation region, zL × RL, where zL is the length perpendicular to the interface and

RL is the length parallel to the interface. Furthermore, RL has further importance to the

radially symmetric cylindrical density profiles. In the case of the fluid-fluid interface we

cannot study the behaviour of the test particle in an infinite system, since without some

kind of interface pinning there is nothing to stop the entire interface from moving along

the z axis. Therefore even before we consider the act of computing the density profiles

we must introduce some kind of fluid interface pinning at a distance, RL, from the test

particle. The nature of this pinning is not specified. The wall-fluid interface does not

require pinning in the model since it is the wall that fixes the position of the interface,

however, in calculating the density profiles we again must pin the interface at a distance

RL.
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Although our determination of ρi(z,R) will be relatively crude compared to one-

dimensional density profiles we expect that given suitable choices of interaction parame-

ters, that the results for the density profiles and for the fluid properties will not be far

removed from the continuum limit. Furthermore, we expect that we can model much

larger systems than than is possible with comparable methods.

7.3.2 Fluid Particle Interactions

The binary fluid is comprised of particles that interact via the point Yukawa potential

that we investigated in the previous two chapters:

φij(r) =
ǫMij exp(−λr)

4πλr
, (7.3.1)

where ǫ is an energy scale, Mij is the interaction magnitude between species i and j, and

λ is an inverse length scale. To speed up the calculations we reduce the range of the pair

potentials by cutting and shifting φij(r); beyond a critical range, rc, we set φij(r) to zero,

below rc we retain the original potential but subtract a constant so that it smoothly goes

to zero at rc:

φCAS
ij (r) =











φ∗ij(r) − φ∗ij(rc) r ≤ rc

0 r > rc

(7.3.2)

=











ǫ∗Mij

4πλ

[

exp(−λr)
r − exp(−λrc)

rc

]

r ≤ rc

0 r > rc,
(7.3.3)

where we have introduced a new energy scale, ǫ∗. The reason that we introduce a new

energy scale is that the cut and shifted (CAS) Yukawa potential fluid will no longer have

exactly the same behaviour or phase diagram as the full range (FR) Yukawa potential fluid

which will make comparisons with the studies in earlier chapters difficult. Therefore we

scale ǫ∗ so that within the approximation scheme that we use for these studies, the random

phase approximation (RPA), the binodals and spinodals for the CAS and the potential

systems will coincide. It can be shown that this is achieved by choosing ǫ∗ so that

∫

drφCAS
ij (r) =

∫

drφij(r) (7.3.4)

is satisfied.
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Figure 7.1: The phase diagram of the FR Yukawa potential binary fluid with parameters

M11 = 1.0, M12 = 2.2, M22 = 4, and for the CAS potential with rcλ = 4 and ǫ∗ satisfying

Eq. (7.3.4). ρb is the bulk density and x2 is the concentration of species two. Within the

main figure the thick solid line indicates the binodal pertaining to both the FR and the

CAS potentials. The two lines that descend from the binodal are the hard wall pre-wetting

lines of the FR (dotted) and the CAS (dashed) fluids. These lines both terminate in a

critical point, indicated by •. Note that these two lines are in a very similar location.

The inset shows the entire binodal and the location of the pre-wetting lines in relation

to the bulk critical point (◦). Also shown are the state points W, A, and B (�). State

point W is located at ρbλ−3 = 24, x2 = 0.0112, very close to the binodal and is used in

the investigation of the fluid at the wall. A and B are a pair of coexisting state-points:

statepoint A is at ρb,Aλ−3 ≃ 20.0, xA
2 λ

−3 ≃ 0.0267 and statepoint B is at ρb,B ≃ 11.78,

xB
2 ≃ 0.7661. The dash-dot line in the inset indicates the tie line between these two

coexisting statepoints, which are used for investigating the fluid fluid interface scenario.
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7.3.3 Inhomogeneous Systems

In the previous chapter we studied two systems where the external potentials, boundary

conditions and density profiles all varied in only one direction. We will use these same

simple inhomogeneous systems as a basis for inserting a test particle: a planar hard-wall

with a repulsive tail, and the free interface between coexisting phases. The hard wall with

repulsive Yukawa tail potential is given by

V sys
ext (z) =











∞ z < 0

Aiǫ exp(−λz)/(λz) z ≥ 0,
(7.3.5)

where Ai > 0 is the interaction potential magnitude for species i. We previously showed

that for suitable parameters, Ai, that for states poor in species two, close to the binodal,

a thick layer rich in species two is adsorbed at the wall. Furthermore, a pre-wetting line

separating regions of the phase diagram where there was a thin film from states where there

was a thick film descended tangentially from the binodal. The location of the pre-wetting

line is strongly dependent on the parameters Ai, and thus its existence and location may

be altered by tuning Ai. These properties of the repulsive Yukawa wall potential are useful

for two reasons, both related to the grid spacing used in the final calculations. Firstly,

for the simpler hard-wall external potential, Ai = 0 in (7.3.5), we find that as we increase

the grid spacing from the continuum limit the pre-wetting line moves down the binodal

towards the critical point so that ultimately, for a grid spacing of dx = (4λ)−1, there is

no longer complete wetting. However, if we introduce the repulsive Yukawa potential we

have more control over adsorption of the particles and so are able to ensure that there is a

thick wetting film at the wall. Secondly, for the pure hard-wall we find that there is a peak

representing very strong adsorption of the particles of both species directly at the wall.

However, with a large grid spacing these rapidly varying density profile are very difficult

to calculate accurately. As the potential in Eq. (7.3.5) diverges as z → 0+ this strong

adsorption is weakened and replaced by a less strongly peaked layer at a short distance

from the wall. For the free interface we have no external potential V sys
ext (z) = 0. We find

that there are no major effects on the free interface from the use of a coarse grid.

7.3.4 Test Particle

The test particle is defined for our purposes by the pair potential between itself and the

fluid particles of species i, φBi(r) with i =1,2. We consider a test particle that has a large
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hard core with a strongly repulsive Yukawa tail. The test particle is defined by

φBi(r) =























∞ 0 < r < rh

ǫBi

[

exp(−λ(r−rh))
λ(r−rh) − exp(−λ(rt−rh)

λ(rt−rh)

]

rh < r < rt

0 rt < r <∞,

(7.3.6)

where Bi > 0 is the interaction magnitude for species i, rh is the radius of the hard-core,

and rt is the total radius of the test particle. As with the wall potential, the repulsive

Yukawa test particle tail is introduced to simplify the final density profile calculations.

Firstly, it reduces the sharp adsorption that would develop at the bare hard-core, and

secondly, as the test particle potential will ultimately be defined on a square grid, the the

tail softens the edges of the hardcore reducing the effects of “pixelisation”.

7.3.5 Density Functional Theory

We consider the same mean field grand potential density functional for the two component

fluid that we used in the previous chapter i.e. Eq. (3.2.18). The large particle is introduced

to the fluid via an external potential equal to the fluid-test particle interaction potential

(7.3.6) centred on the test particle position r0. Therefore, in general the total external

potential is

Vi(r) = V sys
i (r) + φBi(|r − r0|), (7.3.7)

where V sys
i (r) is the system potential that acts on the fluid, e.g. the wall. For the

rotationally symmetric cylindrical geometry the total external potential is

Vi(z,R) = V sys
i (z) + φBi(|z − z0|, R), (7.3.8)

where z0 is the position of the test particle from the interface.

Ultimately we are are interested in the equilibrium density profiles and the excess

grand potential that results from inserting the test particle into the fluid at z0, which we

interpret as the effective interaction between the particle and the interface. This quantity

is defined so that for test particle positions far away from the interface it goes to zero;

Ω(r0) = Ω(r0) − Ω(r0 → ±∞) (7.3.9)

where the ± depends on the particular system being studied.
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7.4 Results

We initially consider the bulk correlation functions, phase diagram, and the inhomogeneous

interface profiles of the CAS Yukawa fluid. This is essentially a very brief repetition of

the previous two chapters. We then go on to investigate the radially symmetric density

profiles around the test particle, before finally calculating the density profiles and excess

grand potential for the test particle in the interfaces. In everything that follows we use

the same fluid parameters that we have used for the previous studies; M11 = 1, M12 = 2.2,

M22 = 4, λ = 1, and ǫ = 1.

7.4.1 Bulk behaviour and Correlation Length

Using the CAS pair potentials, (7.3.3) along with (7.3.4), we investigate the bulk behaviour

and correlation functions of the Yukawa fluid. This involves the Ornstein-Zernike frame-

work outlined in Chap. 3 and Chap. 5 along with the RPA approximation, Eq. (3.1.3). By

enforcing Eq. (7.3.4) we have ensured that within the RPA the binodal and spinodal of the

FR and CAS models coincide, see Fig. 7.1. However, this does not hold for more accurate

approximations, but is useful in this context to utilise the results of previous chapters.

The ultimate decay of the total correlation functions, hij(r), is determined via an

analysis of the poles in the complex plane, q = α0 + iα1. Unlike the FR potential it is

impossible to obtain an analytical solution for the positions of the poles even with the

RPA direct correlation functions, we therefore calculate the positions of the complex poles

numerically. For the FR model we found that within the RPA closure, for all mixture

statepoints the ultimate decay was determined by a single imaginary pole giving rise to

monotonically decreasing correlation functions. For the CAS potential, with rc & λ,

we find for all mixture statepoints, that as well as the single imaginary pole there are

also a number of complex poles giving rise to damped oscillatory components in hij(r).

Furthermore, the single imaginary pole is no longer necessarily the dominant pole for all

statepoints and in some regions of the phase diagram the ultimate decay of hij(r) may

be damped oscillatory. The cross-over from monotonic to oscillatory decay is expected

to be via the Fisher-Widom cross-over mechanism; as the statepoint is continually varied

the positions of a single imaginary pole and a pair of complex poles changes so that the

pole(s) with the smallest α0 changes. We have not attempted to map the entire phase

diagram in terms of the decay modes and cross-over mechanisms but instead identify
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Figure 7.2: The density profiles of the binary CAS Yukawa potential fluid, ρi(z), at the

repulsive Yukawa wall, Eq. (7.3.5) calculated at statepoint W. The wall parameters are

A1 = A2 = 1, ρ1(z) is the continuous line and ρ2(z) is the dashed line. Very close to the

wall the density profiles of both species go to zero but at a short distance from the wall

ρ2(z) exhibits a sharp peak indicating a strongly adsorbed layer close to the wall. This

is accompanied by a thick film rich in species two which extends up to λz ≃ 4.5, beyond

which the density profiles decay to their bulk values.

the dominant decay modes for the statepoints where we perform the calculations. We

have not identified the magnitudes of the oscillatory poles in the correlations but we

show that the contributions are small and are not apparent in the intermediate r regime.

Furthermore, any small amplitude oscillatory contributions will not be present in our

course grid calculations, and will not enter into Ω(z0).

7.4.2 Test Particle Near a Planar Wall

We now consider the effects of using the CAS Yukawa potential on the inhomogeneous

density profiles at a wall. In particular, we focus on the wetting behaviour at the hard-

wall, and the hard-wall with repulsive Yukawa tail, both of which were investigated in the

previous chapter. With the FR Yukawa potential and in the continuum limit (dx→ 0) we
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Figure 7.3: The density profiles of the binary CAS Yukawa fluid, ρi(r), at statepoint A in

the presence of the test particle defined by Eq. 7.3.6 with parameters λrh = 4, λrt = 8,

and B1 = B2 = 10. ρ1(z) is indicated by the solid line and ρ2(z) by the dashed line. The

test particle-fluid interaction potential is given by Eq. (7.3.6) with parameters given in the

text. In the region of the test particle hard core the density of both species necessarily

goes to zero. Beyond this region, rλ ≃ 4.5, there is a sharp peak in ρ2(r) and a relatively

thick layer where4 the adsorption of species two is enhanced. At a distance of λr = 8 the

density profiles return to their bulk values.

previously found that for the hard-wall there is a line of first order transitions from a thin

to a thick adsorbed film at the wall that descends from the species two poor side of the

binodal. The location of this line can be seen in Fig. 7.1. Using the CAS Yukawa potential

with λrc = 4 we find almost identical wetting behaviour, where the pre-wetting line is not

far removed from the FR Yukawa pre-wetting line, see Fig. 7.1. Therefore, we conclude

that cutting and shifting the pair potential does not significantly alter the inhomogeneous

behaviour of the fluid at a wall.

We briefly move away from the continuum limit and consider the affect of coarsening

the computation grid for the density profiles at a hard wall. Using both the FR and the

CAS Yukawa potentials we find that, as the grid is continually coarsened, adsorption of

the film rich in species two at the wall is discouraged. This in turn shifts the location
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of the pre-wetting line down the binodal, closer to the bulk critical point. For the grid

spacing used in the final calculations, dx = (4λ)−1, the pre-wetting line has moved so far

down into the region of the critical point that it is no longer discernible. There is no longer

a thick adsorbed film for any statepoints, even at coexistence.

Instead we consider the hard-wall with repulsive Yukawa tail. In the previous chapter

we determined the pre-wetting line for the FR Yukawa potential, in the continuum limit,

and with wall parameters, A1 = 1, A2 = 2. We found that this pre-wetting line is much

shorter and is located far below the hard-wall pre-wetting line, see Fig. 6.9. Using the

FR potential and wall parameters A1 = A2 = 1 we find that for all species two poor

statepoints to the left of the co-existence region in Fig. 7.1 that there is a thick adsorbed

film at the wall. If there is a pre-wetting line it is much further up the binodal, and we

have not attempted to locate it. More importantly, when we use the the CAS potential as

well as the very coarse grid, dx = (4λ)−1, we find that for all statepoints to the left of the

binodal in Fig. 7.1 the density profiles exhibit a thick adsorbed film, and the pre-wetting

line does not move into the phase diagram.

Given the fact that the thin-thick adsorbed film transition is strongly dependent on dx

and the large computational cost in calculating a single test particle-interface interaction

potential we do not make a study of the entire phase diagram but instead choose an

arbitrary statepoint; ρbλ3 = 24, x2 = 0.0112, which is very close to the coexistence

concentration; x2,coex ≃ 0.01132. The position of this statepoint is shown in Fig. 7.1, and

we refer to it as statepoint ‘W’. In Fig. 7.2 we present the equilibrium density profile, ρi(z),

of the CAS fluid at statepoint W for the case of the hard-wall with repulsive Yukawa tail

parameters A1 = A2 = 1. The density profiles exhibit strong adsorption of species two

at the wall, as well as a thick wetting film rich in species two. This behaviour is typical

for the statepoints poor in species two close to the binodal. Although the dominant pole

contribution at this statepoint is damped oscillatory we do not find oscillations in the

density profiles.

We now select values for the test particle potential, Eq. (7.3.6), and consider the

spherically symmetric density profiles, ρi(r), around the test particle in an otherwise

homogeneous fluid. Firstly, we require that the size of the hardcore, rh, is sufficiently

large as to induce adsorption around the test particle, and thus provide a significant

interaction between the test particle and the interface. However, if rh is too big we are

liable to run into problems when performing the final calculations. Therefore we settle
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on λrh = 4.0, which is sufficiently large to induce the adsorption of a thick film rich in

species two around the test particle core. We are able to tune the interaction between

the test particle and the fluid via the parameters, Bi. If we choose B1 = B2 = 0 then we

find that, as with the case of the planar hard-wall, that there is a very sharp adsorbed

peak of both species close to the test particle as well as the thick layer rich in species two.

As we stated previously this is problematic on two accounts since rapidly varying density

profiles at the edge of the hardcore are not only difficult to describe with a coarse grid but

would also produce significant “pixelisation” in the two-dimensional calculations. In order

to overcome these problems we use relatively large values for the interaction parameters,

B1 = B2 = 10. Finally, the cut-off length, rt, is relatively unimportant provided rt > rh

and rt − rh > λ−1, in the following we use λrt = 8. These parameters give rise to the

density profiles around the test particle, ρi(r), shown in Fig. 7.3. We find that the test

particle exhibits a preference for species two particles, and that ρ2(r) exhibits a peak at

λr = 4.5 indicating a strongly adsorbed layer around the test particle. This is accompanied

by a relatively thick layer rich in species two that extends up to rλ ≃ 8. Although this

behaviour is similar to the thick film that develops at the wall we do not find that the

film length diverges as the binodal is approached. This is a consequence of the curvature

of the test particle which destabilises the adsorbed layer. Furthermore, we find that the

adsorption of a thick, but finite, layer rich in species two is typical for all statepoints to

the left of the binodal in Fig. 7.1.

Using statepoint W and the parameters described above we are now able to investigate

the effect of adding the test particle into the initially inhomogeneous fluid at the wall which

yields the two dimensional density profiles, ρi(z,R). By examination of the wall-fluid and

test particle-fluid interactions we conclude that the range of positions accessible to the

test particle is 4 ≤ z0/λ < ∞. For the two-dimensional calculations we have used a

grid spacing of dx = (4λ)−1 and a maximum of 256 × 128 = 32, 768 grid points giving

a computation region of zL = 64, and RL = 32. Although there are meta-stable phases

present in what follows we consider the true equilibrium density profile that minimise Ω[ρ].

These density profiles are shown in Fig. 7.4 as colour maps indicating the local values of

ρi(z,R).

We start with the test particle very far away from the wall, z0 → ∞, where there is

obviously no interaction between the fluid surrounding the test particle and that adsorbed

at the wall. In this case ρi(z,R) essentially replicates the wall only, and test particle only
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Figure 7.4: This page and previous page. Density profiles of the CAS binary Yukawa

fluid, ρi(z,R), for the case of a test particle at various distances, z0, from a Yukawa wall,

Eq. (7.3.5) at state point W. The two cylindrical density profiles per each z0, ρ1(z,R) on

the LHS and ρ2(z,R) on the RHS, are expressed as a colour map where the darker areas

represent a higher local density. The relationship between local density colour intensity

is indicated by the colour bar at the top of each set of density profiles. The three plots

indicate three different types of behaviour. a) z0λ = 19.25+. There is a thick film, rich in

species two, poor in species one adsorbed at the wall, as well as a similar layer adsorbed

around the test particle. The test particle is sufficiently far away from the wall so that

there is no almost no interaction between the fluid surrounding the test particle, and the

fluid at the wall. b) z0λ = 19.25−. The film at the wall bends a mesoscopic distance

to connect with the film around the test particle. The local density of the layer directly

between the particle and the wall is almost constant. The bending layer connects to the

test particle almost perpendicular to the wall while it decays back to its unperturbed

position at RLλ = 32. c) z0λ = 4.75. The test particle is very close to the wall and the

interface bends a short distance away from the wall to connect to the test particle film.
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Figure 7.5: The excess grand potential, Ω(z0), due to the insertion of a large test particle

in the binary CAS Yukawa fluid at a wall at statepoint W as a function of test particle

position, z0. This quantity is plotted alongside the density profiles of the fluid at the wall

without a test particle, ρi(z), calculated using the coarse computation grid. When the

test particle is far away from the wall, i.e. for large z0, we find that on the scale of this

figure Ω(z0) is a constant. The bending of the film at the wall to connect with the film

around the test particle at z0λ = 19.25 is accompanied by a first order like transition in

Ω(z0) where the derivative w.r.t. z0 exhibits an abrupt jump. In the regime where the two

films are connected we find that Ω(z0) varies very rapidly with z0, almost linearly over a

range of 12λ−1. As the test particle approaches the wall and the interface approaches its

undistorted state then Ω(z0) levels out. In fact very close to the wall Ω(z0) rises again

resulting in a minimum in the grand potential at z0λ = 4.75 which corresponds to the

density profiles in Fig. 7.4c). The inset shows a close up of the first order like transition

showing the crossing of the two branches of Ω(z0), where represents states where there

interface does not bend and • represents states where the interface does bend.
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density profiles calculated above. As the test particle moves towards, z0, is reduced we

find that there is initially very little effect on the interface. Fig. 7.4a) shows ρi(z,R) for

z0λ = 19.25+. There is almost no interaction between the two adsorbed films. If we move

the test particle infinitesimally closer to the wall we find that the adsorbed film at the wall

bends a mesoscopic distance away from the wall so that it connects to the adsorbed film

around the test particle. We denote the test particle position at which this occurs by z0,t,

i.e. z0,t = 19.25. Fig. 7.4b) shows ρi(z,R) for z0λ = 19.25−. The thick film adsorbed at

the wall and the film around the test particle are connected creating a very thick layer rich

in species two that extends from the wall to the far side of the test particle. The extent of

this connecting film smoothly decreases with increasing R, decaying back to the original

thick adsorbed film thickness over the range of the computation region, RL = 32λ−1.

There is very little change to ρi(z,R) close to either the wall or the test particle. As z0 is

decreased further we find that the two films remain connected but that distance that the

wall film must bend reduces. For test particle positions very close to the wall the wall and

test particle adsorbed films overlap and the connecting film remains only to smooth the

edge of this intersection region. Fig. 7.4c) shows ρi(z,R) for z0λ = 4.75. The test particle

is situated almost at the wall and the wetting film bends only a short distance around the

test particle.

Using the series of density profiles we calculate Ω(z0), which is plotted in Fig. 7.5,

alongside the inhomogeneous fluid profile at the wall, ρi(z), calculated with the coarse

grid. Although these profiles should be the same as those shown in Fig. 7.2 we find that

the coarse grid results in a slightly smaller adsorbed film thickness. For large z0, where

the wall-fluid and test particle-fluid subsystems are effectively unconnected, Ω(z0) does

not change significantly with position. As z0 decreases we find that where the film at

the wall bends away from the wall and connects with the adsorbed film around the test

particle, at z0,t = 19.25, there is a first order like transition in Ω(z0) where dΩ(z0)/dz0

changes abruptly. For states with connected films Ω(z0) rapidly decreases with decreasing

z0, initially linearly. For 4 ≤ z0λ ≤ 6 Ω(z0) levels off and there is in fact a minimum in

Ω(z0) at z0λ = 4.75. This minimum in Ω(z0), which corresponds to the the density profile

shown in Fig. 7.4c), is at approximately −7, 500kBT and thus represents a very stable

equilibrium position. However, it does not take into account the direct test particle-wall

interaction which provided it is not pathological will not modify the equilibrium position

significantly.
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Figure 7.6: The density profiles, ρi(z), for the fluid-fluid interface of the CAS Yukawa

fluid between statepoints A and B as indicated on Fig. 7.1. The fluid at statepoint A

corresponds to the LHS and the fluid at statepoint B corresponds to the RHS. ρ1(z)

is represented by the solid line, and ρ2(z) by the dashed line. The density profiles are

monotonic on this scale – see text.

7.4.3 Test Particle in a Fluid-Fluid interface

For the FR Yukawa potential, the fluid-fluid density profiles, ρi(z), are monotonic for all

pairs of coexisting statepoints. For the CAS potentials we find that for some coexisting

statepoints either one or both phases are in the ultimate oscillatory regime. However, the

amplitude of these oscillations are very small and not apparent in the density profiles.

The choice of coexisting statepoints in then quite arbitrary but we choose a set where

one statepoint is not too far removed from statepoint W, and the interface is reasonably

sharp. Fig. 7.1 shows the locations of the two coexisting statepoints on the phase diagram

labelled ‘A’ and ‘B’, where A is on the species two poor side of the binodal and B is on the

species two rich side. The statepoints are at a pressure βPλ−3 = 233.0, and the statepoint

A is at xA
2 ≃ 0.0267, ρb,A ≃ 20.0 and statepoint B is at xB

2 ≃ 0.7661 and ρb,B ≃ 11.78. The

equilibrium free interface density profiles, ρi(z), for these state points, calculated in the

continuum limit, are shown in Fig. 7.6. The density profiles vary over a distance 10λ−1.
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Figure 7.7: As with Fig. 7.3 but now for the test particle inserted in the fluid at coexisting

statepoints A and B, shown in Fig. 7.1. For the fluid at statepoint A, which is poor

in species two, ρi(r) are not too different to those for statepoint W shown in Fig. 7.3.

A relatively thick film, rich in species two, surrounds the test particle. For the fluid at

statepoint B we can see that close to the test particle the density profiles are identical

to those at statepoint A. However, beyond the peak in ρ2(r) the density profiles quickly

decay to their phase B bulk values.

In Fig. 7.7 we compare the density profiles, ρi(r), around the test particle for the two

coexisting, initially homogeneous, fluid phases A and B. For statepoint A we find that ρi(r)

are similar to those calculated for statepoint W (Fig. 7.3): As well as a peak in ρ2(r) close

to the test particle we find that there is a relatively thick layer rich in species two around

the test particle. As stated above, even though we are at coexistence the length of this

film does not diverge due to the test particle curvature. The similarities between ρi(r) for

states W and A are to be expected since these statepoints are relatively close, see Fig. 7.1.

For statepoint B we find that up to rλ ≃ 5 both ρ1(r) and ρ2(r) are similar to the profiles

from statepoint A. Beyond this distance we find that both ρi(r) rapidly decay to their bulk

values, so that there is no thick adsorbed film around the test particle. As the test particle

prefers species two particles over species one, and that the preferred fluid structure is for

a film rich in species two around the test particle, we expect and indeed find that the fluid
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has a lower free energy when the test particle is immersed in phase B as opposed to phase

A. In fact we find that the free energy difference is, β∆Ω = β(ΩA − ΩB) ≃ 4300.

We now investigate inserting the test particle into the fluid-fluid interface. As with the

wall scenario, if the test particle is far away from the interface, in this case to either side,

then the films surrounding the test particle, and the interface do not interact and can be

treated as two unconnected systems. We examine the behaviour of the density profiles

as the test particle position, z0, increases from deep inside the phase A fluid. Density

profiles for three separate values of z0 are shown in Fig. 7.8 as colour maps indicating

the local values of ρi(z,R). Again these are the profiles that minimise the free energy,

they are not the result of metastability. 7.8a) shows ρi(z,R) for z0λ = −18.75. For

−∞ < z0λ ≤ −18.75 we find that the fluid-particle and interface systems are essentially

unconnected. Even for z0λ = −18.75 there is almost no deviation in the positions of the

interfaces. 7.8b) shows ρi(z,R) for λz0 = −18.50. As z0 increases the fluid structure

jumps from a state where the interface is unaffected to one where it bends a mesoscopic

distance and connects to the film around the test particle. This is equivalent to the

planar wall scenario. 7.8c) shows ρi(z,R) for λz0 = 0.0. As z0 increases so that the

test particle moves toward the centre of the interface the films around the test particle

and the interface are still connected but the distance the interface is required to bend

decreases. As z0 increases beyond 0.0 we find that the interface eventually returns to its

undistorted state in a continuous manner, and that for z0λ > 8.0 that the systems again

barely interact.

Examining Ω(z0), which is shown in Fig. 7.9, we find that we get very similar behaviour

to that found for the planar wall case. In regions where the free interface and the test

particle do not interact there is almost no change in Ω(z0) with position, i.e. for −∞ <

z0λ < −18.75 and 8.0 . z0λ <∞. Where the interface changes from the undistorted state

to the state where the free interface bends around to connect with the film around the

test particle there is a first order like transition. This is equivalent to that which occurs

in the planar wall case and occurs at the test particle position z0λ ≃ −18.625. Where the

interface has bent around the test particle, for the range −18.5 < z0λ . 8.0 we find that

Ω(z0) varies significantly with z0. In particular where the interface bends a mesoscopic

distance then Ω(z0) varies linearly with z0 and it is here that we find the greatest change

in Ω(z0). As z0 approaches 0.0 and increases further Ω(z0) levels off to a constant value.
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7.5 Discussion and Conclusion

We have calculated the density profiles and excess grand potential of a two component

inhomogeneous fluid in the presence of a much larger test particle via a full ‘brute force’

density functional theory method. We consider a large test particle that adsorbs a thick

film rich in species two around it. Inserting this test particle at various distances from

both a thick layer adsorbed at a planar wall and a fluid-fluid interface we find that there

is sudden jump in the density profiles describing the state of the system. For test particle

positions far removed from the interfaces we find that the interface remains undistorted.

As the test particle approaches the interface, in the case of the fluid-fluid interface from

the species two poor side, there is a sudden jump in the equilibrium density profiles to

a situation where the interface bends a mesoscopic distance to join with the film that

surrounds the test particle. As the test particle approaches the interface mean position

the connecting film moves with the test particle, almost returning to its original position.

For the fluid-fluid interface, for test particle positions beyond the mean interface position,

in the species two rich phase, the interface no longer remains attached to the test particle

but instead returns to its original position. In the planar wall case the test particle’s

progress is restricted by the wall. We calculate the excess grand potential of the fluid that

results from inserting the particle at position, z0, Ω(z0), and interpret this as the effective

particle-interface interaction potential. The abrupt change in ρi(z,R) is accompanied by a

first order like transition in Ω(z0) where dΩ(z0)/dz0 jumps abruptly. If the test particle is

very far from the interface, |z0| ≫ 0, then do not interact and Ω(z0) does not change with

z0. If the interface is in the bending state then Ω(z0) varies significantly with z0. Where

the interface bending is at its maximum then Ω(z0) varies linearly with z0. If we interpret,

−dΩ(z0)/dz0 = F (z0), as the effective force on the test particle then it is clear that for a

test particle in a real fluid subject to Brownian motion and thermal fluctuations, that for

a large colloidal particle at a distance ∼ 18λ−1 from the interface then it is likely that the

thermal fluctuations of the interface would cause it to wrap around the test particle and

for the test particle to be pushed to the wall or into phase B.

Although we find an abrupt, first-order like, transition this cannot be the case as there

are only a finite number of particles involved in the interface bending. Instead fluctuation

effects result in a rounding of the transition. The authors of Ref. [96] suggested that a

crude estimate of the width of the rounding effects, δz0,t, is obtainable by considering that
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Figure 7.8: This page and previous page. Same as Fig. 7.4 but the test particle is inserted

at various positions z0 from the fluid-fluid interface. The three density profiles are indica-

tive of the three regimes of behaviour. a) z0λ = −18.75. For −∞ < z0 ≤ 18.75 the test

particle and the interface do not interact and the profiles of the adsorbed film and fluid

interface are undistorted. b) z0λ = −18.5. As z0 increases the density profiles exhibit and

abrupt jump from an undistorted state to a state where the interface bends a mesoscopic

distance to connect to the film around the test particle. Note that 7.8b) is very similar to

the density profiles shown in Fig. 7.4c). a) z0λ = 0.0. For all positive z0 we find that the

test particle has little effect on the interface. Even when the test particle is situated right

at the centre of the free interface, as is the case here, we find that the interface bends only

a small distance around the test particle. As z0 increase further the density profiles return

to their undistorted states.
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Figure 7.9: Same as Fig. 7.5 but the test particle is in the fluid-fluid interface between

phases at coexisting statepoints A and B. This is plotted alongside the fluid-fluid interface

density profiles, ρi(z), computed using the coarse grid. We do not find any significant

differences between ρi(z) calculated in the continuum limit and using a coarse grid. For

z0λ < −18.5 the test particle and the free interface are unconnected and there is little

change in Ω(z0) with decreasing z0. At z0λ = −18.75, where the density profiles jump from

the undistorted state to the bending state, we find that there is a first-order like transition

where dΩ(z0)/dz0 changes abruptly. In the region −18.5 . z0λ . 8 the interface bends

a mesoscopic distance Ω(z0) varies significantly with z0. Where the interface bending is

at its greatest extent we find that Ω(z0) varies linearly with z0. For z0λ & 8 as the test

particle and the interface barely interact, and Ω(z0) does not change significantly with z0.

The inset shows a close up of the first-order like transition, showing the grand potential

for the two meta-stable states where states where the interface bends are represented by

• and states where the interface does not bend by .
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fluctuations should only be relevant when |ΩBending
(z0) − Ω

Nobending
(z0)| . β−1 where

Ω
(No)Bending

(z0) is the grand potential on the (no) bending side of the transition. Using

this crude criterion we find that the transition is smeared over a length δz0,t ∼ 10−3z0,t.

We have already stated that this work is relevant to the investigation of the solvent

mediated potential between two large particles. Therefore an obvious continuation of this

work would be to consider the interaction between the two test particles used here im-

mersed in a bulk fluid. Based on the results here and in similar studies we expect that

the system exhibits a bridging transition where the films around the particles connect.

Combining this with our present study it would then be feasible to consider two or more

particles in a fluid interface. However, this would require a full three dimensional compu-

tation and would introduce a number of complications. For example, in the case of one

particle at an interface or two particles in a bulk fluid there is only one degree of freedom

and at most two possible states i.e. interface bending or not and existence of bridging

films or not. In the case of two particles and an interface there are three independent

test particle position parameters, and six unique states. In our present study in order to

ensure that we have mapped out the phase transitions we examined the grand potential

of metastable states. However, this can result in very long computation times since each

series of density profiles must be calculated sequentially. An alternative scheme would be

to divide the entire parameter space between a set of computers and have each computer

perform the calculations six times where the initial guess for the density profiles is taken to

be a guess for the six states that are possible. This means that instead of a small number

of computers exploring the entire parameter space we can separate it between a much

larger number of computers at the expense of ensuring that an accurate representation of

all possible states are used as guesses for the initial density profile.

It is clear that as the number of particles increases that calculating the equilibrium

density profiles for all parameter space would be prohibitively expensive. Instead, we must

develop a different method for studying the phase transitions and stable configurations.

One possibility is that we generate a likely equilibrium density profile based on information

about the lower order results, and use an optimisation scheme to find the set of parameters

that minimises the free energy of the system. Alternatively, one could use the effective two

body and three body interactions within an alternative theory where the solvent degrees

of freedom have been integrated out.

Finally we conclude that we have listed some of the problems and solutions involved
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in studying these kind of physical systems which may be used as a springboard in order

to study the subject further.



Chapter 8

Dynamical correlation functions

via the test particle limit

We present a theory for calculating van Hove functions in both bulk and inhomogeneous

classical many-body systems. The time evolution of the one-body density distribution of a

test particle initially at the origin, is coupled to the one-body density distribution of the

surrounding fluid, composed of all other particles in the system. The one-body density

profiles correspond to the self and distinct part of the van Hove correlation function. We

calculate the van Hove functions for a simple model system of Brownian particles, using

dynamical density functional theory (DDFT) to determine the time evolution of the density

profiles. The advantage of using DDFT is that the theory is built upon a free energy

functional giving access to the free energy landscape underlying the dynamics. In dense

systems, we find a free energy barrier corresponding to a particle trapped in the cage of its

neighbours, thereby shedding light on the nature of glass formation. We determine this free

energy landscape as a function of the particle mean square displacement using equilibrium

density functional theory, rather than the full DDFT. For the inhomogeneous hard sphere

fluid confined by a single hard wall and between two parallel planar hard walls, we show

that the free energy barrier varies in phase with the one body density profile of the fluid.

We also examine the free energy landscape as a function of direction and we find that when

the fluid is confined between two walls so that the density profiles are strongly oscillatory,

the particles are more likely to escape within the layer, parallel to the walls, rather than

by escaping out of the layer, normal to the walls.

105
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8.1 Introduction

As most simple liquids are cooled down, or their concentrations increased, they undergo a

first-order phase transition to a crystalline solid phase. However in a number of systems,

as the temperature is lowered, the relaxation times of the liquid rapidly increase and

transition to a solid does not take place on any reasonable laboratory time scale. For

example silica melt (SiO2) glass behaves like a solid, but is disordered on the atomic scale

like a liquid [2]. There is much interest in the study of dynamically arrested colloidal fluids

and the glass transition in both bulk and confined geometries using experimental [97],

simulation [98] and theoretical [99] techniques. A number of universal phenomena in both

arrested colloidal fluids and glasses have been discovered: Typical correlation or response

functions e.g. the density-density correlation functions, have a ‘stretched exponential’

form indicating a broad distribution of relaxation times [100]; Slightly above the glass

transition temperature, Tc, the correlation functions exhibit a slow ‘two-step’ relaxation

where the first step the correlations appear to reach a plateau, before eventually relaxing

to zero on a longer time scale [101]; and dynamical heterogeneity where there is spatial

variation in particle mobility due to jamming processes and particle caging [102]. Besides

traditional diffraction methods, many of the experimental studies have been been made

possible due to developments in confocal microscopy which allows individual colloids to

be imaged and their real-space positions to be determined [103]. These can also be readily

applied to inhomogeneous systems, allowing the study of properties as a function of particle

position [104]. In order to understand the processes involved in structural arrest and

the glass transition a number of different theoretical approaches have been used. Mode-

coupling theory [101] has been very successful in describing the bulk glass transition,

and has also recently been formulated for inhomogeneous systems [105]. There are a

number of approaches based on density functional theory (DFT): Wolynes and coworkers

[99, 106, 107] developed a very successful model of hard sphere vitrification similar to

the DFT treatment of crystallisation [1, 108]. Using a random close packed, non-periodic

lattice they found a fluid-glass transition where the fluid “crystallises” onto this lattice.

The success of this method, along with its success in modelling the freezing transition, has

provoked a number of further developments [109, 110, 111, 112, 113]. Other approaches

[114] have investigated dense Brownian systems through stochastic differential equations

and found that the system exhibits glassy behaviour. Schweizer and Saltzmann [115, 116]
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combined elements of mode coupling theory, density functional theory, and activated rate

theory in order to describe the localisation and activated transport in glassy fluids. Mittal

et al. [117, 118] studied the properties of a hard sphere fluid confined in a narrow slit

using Monte Carlo simulation and found that at high densities and in narrow slits the

diffusivity of the particles is significantly altered.

The bulk equilibrium microscopic structure and dynamics of a fluid is most naturally

characterised by the van Hove function G(r, t), a time-dependent two-body pair correlation

function [1, 7]. This function gives the probability of finding one of the fluid particles at

a distance r from the origin at time t, given that there was a particle at the origin at

time t = 0. G(r, t) naturally splits into a self-part, Gs(r, t), and a distinct-part, Gd(r, t),

where Gs(r, t) gives the probability that the particle that was at the origin at time zero

will have moved a distance r at time t and Gd(r, t) measures the probability of finding

a different particle a distance r from the origin at time t. From Gs(r, t) one can obtain

the self diffusion coefficient [1] as the proportionality constant between its second moment

(in space) and time. The experimental significance of the van Hove function is that its

Fourier transform, the intermediate scattering function, can be obtained from inelastic

scattering experiments [1]. In the limit t → 0, the distinct part of the van Hove function

recovers the (static) radial distribution function, g(r) = Gd(r, 0)/ρ
b, where ρb is the bulk

(number) density of the fluid. There is a famous reinterpretation, known as Percus’ test-

particle limit [1, 9, 26], where ρbg(r) is identified as the one-body density distribution of

a fluid exposed to the influence of an external potential, uext(r) = v(r), where v(r) is the

fluid inter-particle pair potential. One practical application of this result is that density

functional theory (DFT) [1, 24], which operates on the level of the one-body density

distribution, can be employed directly to calculate g(r).

Combining the dynamical test-particle limit with dynamical density functional theory

(DDFT) [29, 30, 119] in principle gives us a practical route to calculating both Gd(r, t) and

Gs(r, t). The key idea behind our approach is the following: We identify both parts of the

the van Hove function, Gs(r, t) and Gd(r, t) as density distributions of a binary mixture

of particles, ρs(r, t) and ρd(r, t). At time t = 0 the van Hove function, and therefore

the density distributions are known from static test particle theory. Using this initial

condition we use a first-order partial differential equation derived from DDFT to calculate

the time evolution of the density distributions. Furthermore, this approach can easily

be generalised to inhomogeneous situations, where the fluid is influenced by the presence
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of an external field. As DDFT can be extended to both fluid mixtures [33] and fluids

composed of non-spherical particles [37, 120], our method is highly adaptable. Not only

can our DDFT approach be used to obtain bulk and inhomogeneous dynamic correlation

functions, but its real strength is that due to the fact that the the theory is built upon a

free energy functional, F [ρs, ρd], the underlying free energy landscape that determines the

time evolution of the particles can be found. This landscape is calculated by substituting

the set of density distribution functions, ρs(r, t) and ρd(r, t), that are calculated using the

DDFT differential equation, into the functional F [ρs, ρd]. This then yields a free energy

curve as a function of time, F (t). One weakness of the approach is that it requires the

existence of a reliable approximation for the (unknown) free energy functional F [ρs, ρd].

However, in recent years there have been significant developments in this area and there

exist accurate approximations for F for a variety of model fluids [1, 24, 121, 122].

The set of density profiles ρs(r, t) and ρd(r, t) can either be parametrised by t, or

equivalently by the mean square displacement (width) of the test particle, w, defined as the

second spatial moment of ρs(r, t). In addition to the approach based on the DDFT partial

differential equation, we also show that one may use equilibrium density functional theory

(DFT) to calculate the density profiles ρs(r, w) and ρd(r, w). Using the conventional one-

body DFT equations we calculate the equilibrium density profiles ρs(r, w) and ρd(r, w) for

a set of widths w. However, due to the fact that DFT is a theory for equilibrium properties,

there is no prescription for evaluating the dependence of the van Hove functions on time.

Instead the DFT approach only yields G(r, w) and one must implement the full DDFT to

determine G(r, t) and therefore the relationship between time and width w. We show that

the density profiles calculated from equilibrium DFT to be reliable approximations to the

true time series of density profiles obtained from the DDFT.

By substituting the density profiles ρs(r, w) and ρd(r, w) into F [ρs, ρd] the equilibrium

DFT gives us access to a closely related free energy landscape, F (w). For a simple model

system of Brownian particles interacting with Gaussian pair potentials, we find that F (w)

obtained via the equilibrium DFT approach, and from the DDFT approach are very

similar for all state-points investigated. Using the DFT method we have determined F (w)

for both bulk and inhomogeneous hard sphere fluids. We find that as the density of the

fluid increases, the free energy F (w) becomes non-monotonic and develops a barrier. An

obvious interpretation is that this is a free energy barrier that must be traversed for a

particle to escape from the cage formed by neighbouring particles. For the inhomogeneous
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hard sphere fluid confined by a single planar hard wall, or between two planar hard walls,

we investigate a two dimensional free energy landscape as a function of mean square

displacement in the directions perpendicular and parallel to the walls. This allows us to

determine the preferred direction for particle diffusion as a function of distance from the

confining wall(s).

This chapter is organised as follows: In Sec. 8.2 we define the van Hove correlation

function and discuss some of its properties, and formally introduce the DDFT and DFT

framework. In Sec. 8.3 we introduce the dynamic test particle limit and show how DDFT

can be used to calculate the van Hove functions and the free energy landscape F (t). We

present results of a test case of Brownian particles interacting via a Gaussian pair potential,

showing comparisons with Brownian dynamics (BD) computer simulation results. In Sec.

8.4 we describe the equilibrium DFT procedure for determining G(r, w) and the underlying

free energy landscape for homogeneous systems, demonstrating its effectiveness by apply-

ing it to the Gaussian model fluid. We then generalise this procedure to inhomogeneous

system. In Sec. 8.5 we present results from implementing our theory together with the

Ramakrishnan-Youssouff approximation for the hard-sphere free energy functional, both

to bulk and inhomogeneous fluids. In Sec. 8.6 some conclusions are drawn.

8.2 Theoretical Background

8.2.1 The van Hove functions in Bulk and in Inhomogeneous Systems.

We first review the definition of the van Hove function and some of its properties; for a

more detailed account see Refs. [1, 7]. We consider a set of N particles with time dependent

position coordinates ri(t) where i = 1, ..,N is the particle index, and t is the time. The

time-averaged density profile is defined as

ρ(r) = lim
τ→∞

1

2τ

∫ τ

−τ
dt

N
∑

i=1

δ(r − ri(t)) (8.2.1)

where δ(·) is the Dirac delta function. The van Hove correlation function is defined as the

probability of finding a particle at position r at time t, given that there was a particle at

the origin at time t = 0:

G(r, t) =
1

N

〈

N
∑

i=1

N
∑

j=1

δ(r + rj(0) − ri(t))

〉

, (8.2.2)
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where 〈·〉 represents an ensemble average. The function naturally separates into two terms,

one concerned with the case i = j and the other with i 6= j, normally called the “self”

and “distinct” parts, respectively. So

G(r, t) = 〈δ(r + ri(0) − ri(t))〉 +
1

N

〈

N
∑

i6=j

δ(r + rj(0) − ri(t))

〉

= Gs(r, t) +Gd(r, t), (8.2.3)

where the self part represents the particle that was at the origin at t = 0 and the distinct

part describes the behaviour of the remaining N−1 particles. At t = 0 Eq. (8.2.3) reduces

to the definition of the static particle-particle auto-correlation function:

G(r, 0) = δ(r) +
1

N

〈

N
∑

i6=j

δ(r + rj(0) − ri(0))

〉

= δ(r) + ρbg(r) (8.2.4)

where g(r) is the static pair distribution function. For the homogeneous bulk fluid, ρ(r) =

ρb, the spherically symmetric van Hove function only depends on r = |r|, and for t = 0:

Gs(r, t = 0) = δ(r) (8.2.5)

Gd(r, t = 0) = ρbg(r). (8.2.6)

From the definitions of Gs(r, t) and Gd(r, t) (Eq. 8.2.3) the total integral over all space,

must be conserved for all t;
∫

drGs(r, t) = 1, (8.2.7)
∫

drGd(r, t) = N − 1. (8.2.8)

Finally we consider the limiting behaviour of G(r, t) in the bulk system in the thermody-

namic limit (N → ∞, volume V → ∞): Far away from the test particle the self part must

decay to zero, while the distinct part decays to the bulk density. The same is also true for

the t→ ∞ behaviour, i.e. we can write

lim
r→∞

Gs(r, t) = lim
t→∞

Gs(r, t) = 0, (8.2.9)

lim
r→∞

Gd(r, t) = lim
t→∞

Gd(r, t) = ρb. (8.2.10)

The van Hove functions can be generalised in a straightforward manner to inhomogeneous

systems where the density distribution function (8.2.1) is inhomogeneous and the position
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of the test particle at time t = 0 is now denoted r0. The van Hove self part, Gs(r, t = 0),

is represented by a Dirac delta function at r0, and the distinct part reduces to the product

of ρ(r) and the inhomogeneous distribution function, g(r, r0);

Gs(r, r0, t = 0) = δ(r − r0) (8.2.11)

Gd(r, r0, t = 0) = ρ(r)g(r, r0). (8.2.12)

The integrals of the van Hove functions remain the same, i.e. Eqs. (8.2.7) and (8.2.8)) still

apply, as does the limiting behaviour of Gs(r, t) (8.2.10). However the limiting behaviour

of the distinct part is dependent on the inhomogeneous density profile

lim
r→∞

Gd(r, t) = lim
t→∞

Gd(r, t) = ρ(r). (8.2.13)

8.2.2 Dynamical and Equilibrium Density Functional Theory

In the next section, we will relate the van Hove functions to the time evolution of one-body

profiles of a binary mixture, where DDFT can be formulated in a straightforward way.

However, we first consider the two-component generalisation of Eq. (3.5.1) with arbitrary

species s and d:

∂ρi

∂t
= Γ∇ ·

[

ρi∇ δF [ρs,ρd]
δρi

]

, (8.2.14)

where F [ρs, ρd] has the following form:

F [ρs, ρd] = kBT
∑

i=s,d

∫

drρi(r)[ln Λ3ρi(r) − 1]

+Fex[ρs, ρd] +
∑

i=s,d

∫

druext,i(r)[ρs(r)]. (8.2.15)

Note that the free energy in Eq. (8.2.15) is, strictly speaking, a grand canonical quan-

tity. This raises the issue of the validity of Eq. (8.2.15) for describing the free energy of

species s, which has only one particle and should strictly be treated in the microcanonical

ensemble. However, if one does consider the statistical mechanics of a single particle in a

trap (external potential) then one finds that one can write the ideal-gas contribution to

the free energy of this particle as Fid[ρs] = kBT
∫

drρs(r) ln Λ3ρs(r), i.e. differing from the

expression in Eq. (8.2.15) by the term kBT
∫

drρs(r). However, due to the fact that the

density profile ρs(r) is normalised (only one s particle), then this term only contributes
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an additional (irrelevant) constant to the free energy (8.2.15), and this difference can be

ignored. See Ref. [123] for further discussion of this issue.

Given a set of initial density profiles, ρi(r, t = 0), we can employ the DDFT equations

(8.2.14) and (8.2.15) to calculate the full time evolution of the one-body density profiles

ρi(r, t). For completeness we remind ourselves of conventional equilibrium DFT which

minimises Eq. (8.2.15) w.r.t. to the density profiles, ρi(r), i.e. δF/δρi = µi, where µi are

a pair of Lagrange multipliers (chemical potentials). This yields a pair of Euler-Lagrange

equations which can be written in the following way (i = 1, 2):

ρi(r) = Λ−3 exp

[

βµi − uext,i(r) + c
(1)
i (r; [ρ1, ρ2])

]

, (8.2.16)

where

c
(1)
i (r; [ρs, ρd]) = −β δFex[ρs, ρd]

δρi(r)
, (8.2.17)

are the one-body direct correlation functions. Solving Eq. (8.2.16) yields the set of density

profiles that minimise the free energy.

8.3 Dynamic Test Particle Limit

8.3.1 Static and Dynamic Test Particle Limit

The essential feature of our approach is that we generalise the static test particle approach

to dynamic systems where the test particle position is described by its probability distri-

bution Gs(r, t). We connect Gs(r, t) and Gd(r, t) with a two-component system of species

‘s’ and ‘d’;

Gs(r, t) ≡ ρs(r, t) Gd(r, t) ≡ ρd(r, t), (8.3.1)

where species s only contains one particle,
∫

drρs(r, t) = 1 so that Eq. (8.2.7) is satisfied,

and this one particle does not interact with itself i.e. vss(r) = 0. Species d must also

satisfy (8.2.8) and the self-distinct and distinct-distinct pair potentials are chosen to be

identical, vsd(r) = vdd(r) = v(r). This is akin to modelling a one-component system, but

treating one particle separately from the rest. For t = 0 we know the test particle position

exactly, from Eq. (8.2.5), and so combining this with Eqs. (3.3.1), (8.2.6) and (8.3.1) we

can write

Gs(r, t = 0) ≡ ρs(r, t = 0) = δ(r),

Gd(r, t = 0) ≡ ρd(r, t = 0) = ρbg(r). (8.3.2)
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One might think of an external potential acting on species s that induces such initial

confinement. For systems where there is an external potential, uext(r), that induces inho-

mogeneity into the fluid we must generalise our static test particle limit. We define ρ−(r)

as the equilibrium density profile calculated under the influence of the external potential,

uext(r), but in the absence of a test-particle. In inhomogeneous systems with no symme-

try breaking ρ−(r) has the same symmetry as the external potential, while for the bulk

(uext(r) = 0) this reduces to ρb. The van Hove functions are now defined so that at time

t = 0, the test particle is not necessarily at the origin but at the position r0. Therefore the

van Hove function, and the density profiles of both species ρs(r, r0, w) and ρd(r, r0, w) are

now explicitly dependent on the initial position of the test particle. The t = 0 properties

of the inhomogeneous system are now defined by

ρs(r, r0, t = 0) = δ(r − r0),

ρd(r, r0, t = 0) = ρ−(r)g(r, r0), (8.3.3)

where g(r, r0) is the inhomogeneous distribution function [124, 125].

8.3.2 A Test Case: Bulk Dynamics of the Gaussian Core Model

The system which we first investigate is the Gaussian core model (GCM) fluid [19]. This

system consists of particles interacting via the softcore pair potential: v(r) = ǫ exp(−r2/R2),

where R is the radius of the particles and ǫ > 0 is the energy penalty for complete over-

lap of the centres of a pair of particles. One may think of this model as representing

the effective potential between the centres of mass of polymer chains in a good solvent

[19]. However, for our present purposes, this model is chosen primarily because the sim-

ple random phase approximation (RPA) for the excess Helmholtz free energy functional

Eq. (3.2.18) proves to be surprisingly reliable for describing the static [19], as well as, when

used in the DDFT framework, the time evolution of the one-body density in a wide variety

of situations [31, 33, 34, 35, 127]. Here we consider the bulk dynamics on the two-body

level. Using the GCM pair potential and the RPA excess term (3.2.18) we calculate the

time-dependent density profiles using the DDFT equation, Eq. (8.2.14). By taking the

functional derivative of the free energy functional (8.2.15) with respect to the density pro-

files ρi(r) we obtain a first-order (in time) partial differential equation. Using the initial

conditions for the density distribution functions (8.3.1) we integrate the differential rela-

tion forward in time using the Crank-Nicolson method [128, 129]. As the DDFT equations
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Figure 8.1: The self-part (left hand side) and distinct-parts (right hand side) of the van

Hove function for a fluid of GCM particles with density ρR3 = 0.163 and βǫ = 2 at times

t∗ = t/τB = 0.01, 0.1, 0.2. The solid lines are our DDFT results, (+) denotes our BD

simulation results, and the dashed line our constrained DFT results. From Ref. [126]
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Figure 8.2: The free energy F (w) underlying the dynamics displayed in Fig. 8.1, for a fluid

of GCM particles with bulk density ρbR3 = 0.163 and βǫ = 2 . The symbols (+) denote

our DDFT results, and the solid line is the result from the equilibrium DFT procedure.

The inset shows the relationship between the mean square displacement, w2 and the time,

t, taken from the DDFT results. The line is practically linear for all times – see text.

From Ref. [126].

preserve particle number the van Hove “adsorption” criteria (8.2.8) are naturally fulfilled.

The results in Fig. 8.1 for G(r, t) are for a fluid with bulk density ρR3 = 0.163,

inverse temperature βǫ = 2 and for the times t∗ = t/τB = 0.01, 0.1 and 0.2, where τB =

(kBTΓR2)−1 is the Brownian time scale corresponding to the time it takes a particle to

diffuse a distance ∼ R. We also display results from Brownian dynamics (BD) simulations

– i.e. from numerically integrating the equations of motion for an ensemble of different

starting conditions and realisations of the stochastic noise term and then averaging over

different runs. We find very good agreement between the DDFT results and the BD

simulation results, demonstrating the principal validity of our approach for this model

system. As well as yielding the van Hove correlation functions we use the DDFT equations

to find the underlying free energy landscape as a function of time. Fig. 8.2 shows the free

energy obtained from substituting the density profiles for the GCM into the free energy

functional [Eqs. (3.2.18) and (8.2.15)]. The free energy is plotted against the root-mean-
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square particle displacement, w(t), which measures the width of the self part of the van

Hove function, defined by

w(t)2 = 4π

∫

dr r4ρs(r). (8.3.4)

Note that in Fig. 8.2 the free energy curve decreases monotonically with w/R, indicating

that the system evolves such that w(t) is a smoothly increasing function of time – see inset

of Fig. 8.2. This result is to be expected; in the long time limit it can be shown [1] that

Gs(r, t) = (4πDlt)
−3/2 exp(−r2/4Dlt), (8.3.5)

where Dl = kBT/Γ is the long-time self-diffusion coefficient. Substituting this result into

the definition of the width (Eq. 8.3.4) yields

w(t → ∞)2 = 6Dlt. (8.3.6)

It can also be shown [127, 130] that the DDFT Eqs. (8.2.14) and (8.2.15) predict w(t →
∞)2 = 6Dst, where Ds = kBT/Γ is the short-time self-diffusion coefficient, provided T

is large. Therefore for a system with Gaussian interactions the long and short diffusion

times are similar, Ds ≃ Dl. However, for dense fluids with hardcore particles we expect

Dl < Ds as the long term diffusion is slowed due to caging and jamming effects.

8.4 Equilibrium Confined Test Particle

8.4.1 Confined Test Particle in a Corresponding Equilibrium Problem

Using an approach based on equilibrium density functional theory we show that the van

Hove functions and the free energy landscape can be calculated for a corresponding equi-

librium problem. As with the DDFT approach we equate the van Hove functions to

density profiles representing a binary fluid with the properties described in Sec. 8.3.1. The

essential step that we employ is that the density profile, ρs(r, w), is confined to a region

situated at the origin. The size of this region is increased to simulate the spreading out of

ρs(r, t) in time. As DFT is an equilibrium theory there is no intrinsic time coordinate and

instead we parameterise the density profiles with the width, defined in Eq. (8.3.4). Then

for a given width (or confined region size) we calculate the ρd(r, w) that minimises the free

energy. We start with the Euler-Lagrange equations (8.2.16) where the density profiles

must also satisfy the “van Hove constraints”: For w = 0 the density profiles must return
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the initial t = 0 distributions (8.3.2), and we require the absorption be kept constant for

all times (8.2.8). These criteria may be written as;

ρs(r, w = 0) = δ(r)

ρd(r, w = 0) = ρbg(r), (8.4.1)

and

∫

drρs(r, w) = 1 (8.4.2)
∫

drρd(r, w) =

∫

drρd(r, w = 0). (8.4.3)

Furthermore, we also require a method for controlling the confinement of ρs(r, w), and

therefore determining the width, w.

We illustrate two methods to enforce this width confinement; A) by considering the full

free solution to the Euler-Lagrange equations (8.2.16), or B) by making a parametrised

approximation to the form of the self density profile. Method A: For the full solution

the width of ρs(r, w) is determined by adding a term
∫

dru∗s(r)ρs(r, w) to the free energy

functional, Eq. (8.2.15), where u∗s(r) is an extra external potential that acts only on species

s [127]. This external potential is chosen to have a parabolic form, u∗s(r) = λ(r/σ)2, where

λ > 0 is a Lagrange-multiplier which is varied to give a range of values of w. The parabolic

form of u∗s(r) is chosen so that it couples directly to the width – see definition (8.3.4). This

then requires both Euler-Lagrange equations (8.2.16) to be solved simultaneously, where

µs takes the form of a second Lagrange-multiplier which must be calculated to enforce the

constraint (8.4.2).

Method B: The calculation of F (w) can be made significantly faster (albeit at the ex-

pense of introducing a further approximation) by assuming that ρs(r, w) takes a predefined

functional form. The simplest approximation is to assume that it is a single Gaussian:

ρs(r, ξ) = A exp(−(r/ξ)2), (8.4.4)

where A = ξ−3π−3/2 is a normalisation factor chosen to enforce the constraint (8.4.2) and

the length ξ is a parameter that is varied to determine the width w. As ρs(r, ξ) is specified

we need only solve the Euler-Lagrange equation for species d.

Experiments on colloidal fluids [103] show that this is a rather drastic approximation,

particularly at high densities. However, as we will show, for the purposes of determining
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the underlying free energy landscape, approximating ρs(r, w) by a Gaussian is (perhaps

surprisingly) a fairly reliable approximation, and for monotonic free energy curves, such

as that displayed in Fig. 8.2, the difference in outcomes between assuming a Gaussian

form for ρs and performing the full calculation is almost indistinguishable. In dense fluids

where particles become trapped within the cage formed by neighbouring particles in the

fluid, experiments and mode-coupling theories indicate that the self correlation function

must be modelled by a more complicated form e.g. a sum of two Gaussians [103]. It is

feasible that such an approximation could be used within our approach, although we do

not pursue it here. We compare the effect of using the single Gaussian parameterisation

against the full self correlation function on the free energy curves of a hard sphere bulk

fluid below in Sec. 8.5.

Using either method A or B for w = 0 (time t = 0), where ρs(r, w = 0) = δ(r),

Eq. (8.2.16) for the distinct profile can be solved using a conventional iterative scheme to

yield the radial distribution function g(r). An initial guess for the density profiles is input

into the right hand side of Eqs. (8.2.16), in order to obtain new approximations for the

density profiles. These new approximations are then re-input into the equations, and the

cycle repeated until convergence is achieved, normally using a degree of mixing of old and

new solutions to ensure the stability of the algorithm.

However for w > 0 we cannot directly determine ρd(r, w) from the Euler-Lagrange

equation because the distinct density “adsorption” is not automatically conserved i.e.

Eq. (8.4.3) is not satisfied. Hence we have to introduce a rule which ensures
∫

drρd(r, w)

is conserved. This is achieved through continuously scaling ρd(r, t) as it is calculated. We

go on to show that this is equivalent to formally introducing a species d specific external

potential. To this end we can rewrite the constraint (8.4.3) as
∫

dr(ρd(r, w) − ρb) =

∫

dr(ρd(r, w = 0) − ρb) = Γ0, (8.4.5)

where Γ0 is an excess adsorption calculated at t = 0. We require a method that satisfies

Eq. (8.4.5) for all widths, but does not affect the asymptotic behaviour of ρd(r, w), as

specified by Eq. (8.2.10). Although µs can be used as a Lagrange-multiplier to control the

adsorption of ρs(r, w), since far away from the test particle it decays to zero (8.2.10), this

method cannot be applied to ρd(r, w). Instead we have to a add an extra step in solving

the Euler-Lagrange equation; we first calculate the density profile as an intermediate step

ρ∗d(r, w) = Λ−3 exp

[

βµd + c(1)(r; [ρs, ρd])

]

, (8.4.6)
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by putting our guesses for ρd and ρs into the right hand side of Eq. (8.2.16). We then

calculate the excess adsorption Γ =
∫

dr(ρ∗d(r, w) − ρb) of this density profile, which will

not necessarily be equal to Γ0. Then the new density profile approximation is given by

ρd(r, w) =
Γ0

Γ

(

ρ∗d(r, w) − ρb
)

+ ρb. (8.4.7)

This ensures that the excess part of ρd(r, w) is modified, but far away from the test particle

the value does not change. This new function can then be used as the input into Eq. (8.4.6)

and the routine repeated until convergence is achieved. This method is repeated for a set

of values of ξ – i.e. for a set of values of the width w. Substituting the resulting set of

density profiles into the free energy functional (8.2.15) yields the free energy curve F (w).

It can be shown that this ‘practical’ recipe is related to a formally exact approach of

adding an extra external potential that only acts on species d. Like the method described

for the self density profile we may add an extra term to the free energy functional (8.2.15)

that acts only on the distinct part,
∫

dru∗d(r)ρd(r, w), where u∗d(r) is an unknown external

potential that decays to zero far away from the test particle. However since it is unknown

we still require an iteration scheme like the one just described in order to calculate it.

However having solved the Euler-Lagrange equations (8.2.16) using the above method one

may then inspect the external potential, u∗d(r), by rearranging the modified EL equation,

namely

u∗d(r) = µd + kBTc
(1)(r; [ρs, ρd]) − kBT ln[Λ3ρd(r, w)]. (8.4.8)

8.4.2 A Test Case: Confined Test Particle Procedure

We demonstrate the DFT approach for the Gaussian core model previously examined

with the DDFT approach in Sec. 8.3.2. Using method B, the Gaussian approximation

to ρs(r, w), we find that the results for ρs(r, w) and ρd(r, w) are in very good agreement

with their DDFT counterparts. In Fig. 8.1 we compare the DFT density profiles to the

results derived from DDFT, where we have used the DFT profiles with matching widths w.

Furthermore using these profiles we calculate the free energy curve F (w). This is compared

directly to F (t) calculated using the DDFT method Fig. 8.2 where we parameterise the

DDFT results using w. We find that the curves are almost indistinguishable for all widths.
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8.4.3 Generalisation to Inhomogeneous Systems

The confined test particle minimisation is easily generalised to inhomogeneous systems

where uext(r) is an external potential and the density profile in the absence of a test

particle is denoted ρ−(r). The width w is now defined via the following generalisation of

Eq. (8.3.4):

w2 =

∫

dr(r − r0)
2ρs(r, r0). (8.4.9)

The external potential can be incorporated into method A straightforwardly. For method

B the Gaussian approximation for ρs(r, r0, w) is generalised to take account of uext(r) to

give

ρs(r0, r, ξ) = A exp(−βuext(r) − |r − r0|2/ξ2), (8.4.10)

where

A =

[∫

drρs(r, r0, w)

]−1

(8.4.11)

is again a normalisation factor chosen to enforce the constraint (8.4.2). The dependence

on uext(r), is essentially that of an ideal gas, and thus constitutes a further approximation.

For both methods we generalise the calculation method, redefining the excess absorp-

tion target as

∫

dr(ρd(r, r0, w) − ρ−(r)) =

∫

dr(ρd(r, w = 0) − ρ−(r)) = Γ0, (8.4.12)

where we have essentially replaced ρb by the inhomogeneous density profile ρ−(r). The

intermediate distinct profile then becomes

ρ∗d(r, r0, w) = Λ−3 exp

[

βµd − βuext(r) + c(1)(r; [ρs, ρd])

]

, (8.4.13)

where we have included uext(r). This function has an excess adsorption defined by Γ =
∫

dr(ρ∗d(r, w)−ρ−(r)), which when combined with the target excess adsorption, yields the

next approximation to the distinct density profile

ρd(r, r0, w) =
Γ0

Γ
(ρ∗d(r, r, w) − ρ−(r)) + ρ−(r). (8.4.14)

Again this routine, iterating Eqs. (8.4.13) and (8.4.14) together, must be repeated until

the distinct solutions converge.

One shortcoming of method B for inhomogeneous systems is that it does not contain

any directional information, i.e. it yields the free energy F (w), where w is defined via

Eq. (8.4.9). To address this issue we may further generalise our approach by allowing the
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width of our Gaussian ansatz for ρs to be different in different directions. In this paper we

focus on external potentials with planar symmetry, uext(z), which are functions of only one

Cartesian direction. Thus the equilibrium density profile, in the absence of a test particle,

only varies in the z direction and when the test particle is present the density profiles

become a function of two variables, z and R, where R is the perpendicular distance from

the z-axis, on which the test particle lies (i.e. the location of the test particle is defined

via z0, its distance along the z-axis). In this case the natural generalisation of Eq. (8.4.4)

is:

ρs(z0; z,R) = A exp(−βuext(z) − |z − z0|2/ξ2z −R2/ξ2R), (8.4.15)

where ξz and ξR parameterise the width of ρs in the z and R directions. Previously, the

width w of ρs was defined by Eq. (8.4.9). We now introduce wz and wR, two independent

widths in each of the two principal directions, defined as follows:

w2
z = 2π

∫ ∞

−∞
dz

∫ ∞

0
dR (z − z0)

2Rρs(z0; z,R), (8.4.16)

w2
R = 2π

∫ ∞

−∞
dz

∫ ∞

0
dR R3ρs(z0; z,R). (8.4.17)

With this definition, the following relation holds: w2 = w2
z + w2

R, allowing us to compare

with the results obtained from the single parameterisation of ρs, given in Eq. (8.4.4). This

method yields a free energy landscape F (wz, wR; z0), that depends on the two parameters

wz and wR and, of course, on the initial position z0 of the test particle.

8.5 Results

8.5.1 The hard sphere model

We next illustrate the methods described above in a number of cases including both bulk

and inhomogeneous systems, using a fairly simple approximation for the excess Helmholtz

free energy functional for a fluid of hard spheres with diameter σ. One may Taylor expand

the free energy around that of a uniform liquid with bulk density ρb, as described in

Chap. 3. Truncating this expansion at second order we obtain the following Ramakrishnan-
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Youssouff (RY) approximation [1, 24, 108]:

Fex[ρs, ρd] = V fex(ρ
b) + f ′ex(ρ

b)

{
∫

dr(ρd(r) − ρb) +

∫

drρs(r)

}

−1

2

∫

dr

∫

dr′c(|r − r′|)
{

(ρd(r) − ρb)(ρd(r
′) − ρb)

+(ρd(r) − ρb)ρs(r
′) + ρs(r)(ρd(r

′) − ρb)

}

(8.5.1)

where fex(ρ
b) is the bulk excess free energy per unit volume, V is the volume of the

system, f ′ = ∂f/∂ρb and c(r) is the bulk direct correlation function of the hard-sphere

fluid at reference density ρb. We approximate c(r) using the Percus-Yevick approximation

[1]. This is in fact the two component generalisation of Eq. (3.2.13) that is truncated at

second order. As we noted in [127], this approximation for Fex[ρs, ρd] is somewhat crude,

but appears to be sufficient for exploring in a qualitative manner the predictions of our

approach. The strength of this simple approximation is that it can be implemented with

reasonable effort in demanding inhomogeneous systems in three dimensions.

The symmetry of the external potential in Eq. (8.2.15), uext(r), defines the symmetry

of the inhomogeneity in the fluid and the particular geometry that must be used. The

examples that we consider here are (i) bulk systems, where uext(r) = 0, (ii) a fluid confined

by a single planar hard wall, and (iii) a fluid confined within a slit formed by two planar

hard walls. In cases ii) and iii) the external potential only varies along one Cartesian

direction, which we choose to be the z-axis. The single planar hard wall defines a semi-

infinite system with external potential:

uext(z) =











0 z/σ > 0

∞ z/σ < 0.
(8.5.2)

For the slit geometry, we define the external potential as follows:

uext(z) =











0 |z|/σ < (H − 1)/2

∞ otherwise,
(8.5.3)

where H is the slit width. In regions where uext(z) = ∞, the density of both species must

necessarily vanish. In the following, we investigate how the free energy F (w, z0) depends

on the test particle initial position, z0.
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Figure 8.3: Plots of the distinct correlation function, ρd(r), for a bulk fluid of hard spheres

with density ρbσ3 = 0.8 (η = 0.42). The results displayed correspond to the following

points along the free energy curve F (w): Solid line, w = 0; dashed line, the minimum in

F (w) which occurs at w/σ = 0.11; and dotted line, the maximum in F (w), which occurs at

w/σ = 0.92. For w = 0, ρd(r) is a strongly varying function. As w increases this structure

diminishes and the peaks broaden. Note that strictly, for r < σ, ρd(r, w = 0) should equal

zero. However, on account of our use of the simple RY approximation for the free energy,

there is some violation of this core condition – see Appendix B. In the inset we display

the corresponding self correlation functions ρs(r). Since ρs(r, w = 0) = δ(r), this profile

lies upon the vertical axis. Note also the log scale on the vertical axis of the inset.
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8.5.2 Results for bulk systems

We begin by examining the behaviour of a test particle in a homogeneous and isotropic

fluid with a bulk density, ρb = 6η/(πσ3), where η is the hard sphere packing fraction.

Using method B, (8.4.4), we calculate ρs(r, w) and ρd(r, w) for a range of values of w and

for densities up to ρbσ3 = 0.9 (η = 0.47). In Fig. 8.3 we display examples of ρs(r, w) and

ρd(r, w) for ρbσ3 = 0.8 (η = 0.42). For w = 0, where ρs(r, w = 0) = δ(r), we retrieve the

solution ρd(r, w = 0) = ρbg(r). This is a highly structured function with an exclusion zone

for r < σ. Note that there is some violation of the core condition ρd(r, w = 0) = 0 for

r < σ in the profile displayed in Fig. 8.3. This error can be traced to our use of Eq. (8.5.1)

as an approximation for the excess Helmholtz free energy functional – see Appendix B and

also Ref. [26] for a more detailed discussion of this. As the width w of ρs is increased, the

structuring in ρd diminishes and the exclusion zone is filled in. As w → ∞, the distinct

correlation function tends to the case where there is no test particle, ρ−(r) = ρb, in this

case. From the density profiles we then calculate the free energy curves, which are shown

in Fig. 8.4. At low densities, the free energy F (w) decreases monotonically as a function

of w (there is no minimum). As the bulk density is increased a minimum develops in

F (w). The present theory predicts this to occur for densities ρbσ3 & 0.7 (η = 0.37).

Above this density the DDFT approach, Eq. (8.2.14), cannot be applied without the test

particle becoming unrealistically trapped at the origin as the present DDFT theory does

not include a stochastic term that would be required to push the system over the free

energy barrier. As the density is increased further, the free energy barrier height ∆F

increases. Using the RY functional (8.5.1), our theory predicts that ∆F = 3.13kBT for a

hard sphere fluid with bulk density ρbσ3 = 0.8 (η = 0.42).

Repeating the calculations using method A we find that at low densities, the density

profiles and free energy curves are almost identical to those calculated using method B.

For example, in Fig. 8.4 the free energy curves for ρbσ3 = 0.6 calculated using the two

methods are identical. Increasing the bulk density we find that for ρb/σ3 = 0.7 the free

energy curve from method A has a slightly lower free energy in the central section of the

graph, as this method calculates the form of ρs(r) that truly minimises the free energy.

The minimum in the free energy develops at a similar bulk density in the two methods.

For ρbσ3 = 0.8 we find that we can no longer calculate the entire free energy curve using

method A. Instead, as we vary the parabolic external potential magnitude, λ, we find
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Figure 8.4: Plot of the free energy F (w), versus w, the width of ρs, for a bulk fluid of

hard spheres with densities ρbσ3 = 0.6, 0.7, 0.8 and 0.9 (η = 0.31, 0.37, 0.42, and 0.47).

The solid lines are calculated using method B, and the dashed lines correspond to using

the full solutions, method A. The curves have been shifted by subtracting F (w → ∞). At

low densities, as w is increased, F (w) decreases monotonically, indicating that there is no

barrier against the test particle diffusing away from its initial position. As the density is

increased F (w) develops a minimum at around ρbσ3 = 0.7. As the density is increased

further the depth of the minimum increases leading to an increase in the height of the

barrier over which the system must cross for the test particle to escape the cage formed by

its neighbouring particles. For ρbσ3 = 0.6 the curves calculated using the two methods are

almost identical. For ρbσ3 = 0.7 there is a small difference in the barrier height calculated

via the two methods, but this is very small compared to the barrier height. For ρbσ3 = 0.8

the full free energy curve cannot be calculated and instead we only find two unconnected

branches. For further discussion see main text. In the inset we display the free energy

barrier, ∆F (ρb), obtained from the Gaussian approximation plotted versus the density,

ρb. The solid line is a guide to the eye. The free energy barrier is zero for ρbσ3 . 0.7, but

above this threshold density, it increases rapidly with increasing density.



126 Dynamical correlation functions via the test particle limit

that for a particular range of values of λ there exist two solutions to the Euler-Lagrange

equations with different w corresponding to two different branches of the free energy.

Plotting F (w) we find that between these two branches there is a range of widths for

which there is no corresponding free energy. Fig. 8.4 shows the two branches of F (w) for

ρbσ3 = 0.8. Although we cannot calculate the central section of F (w) we are still able

to find the maximum, which is close to the end of the large w branch, and thus calculate

∆F . For ρbσ3 = 0.9 we find that we cannot calculate the density profiles for any values of

λ, i.e. there is no solution to the equations. This behaviour; two unconnected free energy

branches, and two solutions to the density profiles ρi(r) for one value of λ, is very similar

to phase-separation and co-existence in e.g. a gas-liquid transition. The significance of

this behaviour is not presently known, it may be simply an artifact of our method, or

somehow related to the structural arrest of the fluid. This certainly requires further study

which is not addressed in this chapter. However it is assumed that the free energy barrier

calculated is experienced by some or all of the particles. For the time being we only use

method B, the Gaussian parameterisation, and return to the discussion of method A in

Sec. 8.6

There is an important issue to address here concerning the interpretation of the sig-

nificance of the free energy barrier. At equilibrium, minimising the (exact) free energy

functional yields a density profile which is an ensemble average quantity, i.e. it includes

all fluctuations in the system. This implies that if there is a free energy barrier, then

the system will be stuck in the minimum, since in calculating the corresponding density

profile using the (exact) free energy functional we have averaged over all the fluctuations

in the system; no fluctuations remain unaccounted for that could push the system over

the barrier. This is one key difference between the present DFT approach and a field the-

oretic approach, in which one considers a fluctuating field (i.e the fluctuations in a coarse

grained density field [28]). In such a field theory, one would consider the probability of a

fluctuation occurring in the field that would drive the system over the free energy barrier,

and the existence of a barrier does not imply that the system is trapped. However, all

of the above comments strictly only apply to the case where one is using the exact free

energy functional. In reality, one does not generally know the exact free energy functional,

and one has to resort to constructing an approximation for this quantity. In constructing

such an approximate functional, loosely speaking, one obtains a quantity that is only a

partial average over the fluctuations in the system and so in practice there is a blurring
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Figure 8.5: Contour plot of the free energy landscape F (wz, wR) for a bulk system with

density ρbσ3 = 0.8, using the parameterisation for ρs(z,R) given in Eq. (8.4.15), plotted

versus the axial and radial widths wz and wR of ρs(z,R). The free energy contours have a

spacing of 0.1kBT . At small (wz , wR) there is a deep uniquely defined minimum which lies

on the line ξx = ξR (the bold solid line) and this corresponds to the minimum displayed

in Fig. 8.4 obtained from the single parameterisation of ρs. Surrounding this minimum

is a barrier. The dashed line denotes the peak of this barrier. In this case the saddle

point, which marks the position leading to the lowest free energy barrier, lies along the

line ξz = ξR indicating there is no preferred direction for the test particle to escape, as

one would expect for a bulk system.
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of the distinction between the DFT and a field theory. (For a more detailed discussion of

the distinctions and similarities between DFT and field theories see Ref. [131].) At low

densities there is no free energy minimum indicating that there is no caging of particles

which is to be expected, since at low densities interactions between multiple numbers of

particles are rare. However, when a barrier arises in the free energy F (w), we do not in-

terpret this as indicating a (glass) transition from an ergodic to an non-ergodic (trapped)

state. Rather, we acknowledge that our approximate theory has neglected certain fluctu-

ation contributions to the free energy and we then ask the question: given a free energy

barrier of a certain height ∆F , what is the probability of a fluctuation occurring that is

strong enough to push the system over this barrier? From transition state theory, one

should expect the probability of such a fluctuation to be ∼ exp(−∆F/kBT ), and therefore

the time scale over which one would have to wait to see a particle escape over the barrier

would be τ = τ0 exp(∆F/kBT ), where τ0 ∼ τB is a Brownian time scale [115, 116, 127].

We next examine the free energy landscape for the bulk system where we assume ρs is

given by Eq. (8.4.15), where it is parameterised by the two variables ξz and ξR. This yields

a free energy landscape that is a function of the two widths wz and wR. For the bulk fluid,

this is an unnecessary calculation since symmetry dictates that all the density profiles

are a function of the single variable r, the distance from the starting point for the test

particle. However, we undertook this exercise as both a test for our numerics and in order

to make comparisons with the free energy landscapes that we obtain for inhomogeneous

systems below. The resulting free energy landscape is displayed in Fig. 8.5. This figure

is a contour plot, with a spacing of 0.1kBT between contours. Since wR =
√

w2
x + w2

y

is a combination of two Cartesian widths, the free energy landscape is not symmetric

when plotted as a function of wz and wR. At small values of wz and wR there is a deep

minimum, corresponding to the minimum in Fig. 8.4, which is bounded by a barrier, again

analogous to the barrier in Fig. 8.4. In Fig. 8.5, the bold line indicates the line ξz = ξR,

corresponding to ρs(z,R) being uniform in all directions (spherically symmetric). The

results displayed in Fig. 8.4 correspond to calculating the free energy along this line. It

can be seen that this line passes through both the minimum and the saddle point, as one

would expect from symmetry. This path is also equal to the line wR =
√

2wz (the factor
√

2 originates from the principal direction transformation). There is therefore no preferred

direction: in the bulk fluid the test particle is as likely to diffuse in one particular direction

as any other and the lowest (saddle) point in the free energy barrier is traversed when the
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probability distribution ρs(r, wz , wR) remains spherically symmetric.

8.5.3 Fluid confined by a single planar hard wall

We next examine the case of an inhomogeneous fluid confined by a single planar hard wall

with potential given by Eq. (8.5.2). The bulk density (at z → ∞) of the the fluid is chosen

to be ρbσ3 = 0.8. The equilibrium density profile, without a test particle, is displayed in

Fig. 8.8. The density profile shows that there is strong layering of the particles at the wall,

with the first layer adsorbed right at the wall, and a sequence of subsequent layers which

decrease in magnitude as one moves away from the wall. Close to the wall the fluid is

strongly inhomogeneous and we investigate the influence of this layering on the free energy

landscape for a test particle located close to the wall. (Far from the wall the behaviour

will be that explored in the previous subsection.)

Using the one parameter approximation for ρs(z,R) (8.4.4) we calculate the free energy

curves, F (z0, w), for various initial test particle positions z0. A typical series of density

profiles are displayed in Fig. 8.6 for a test particle situated at z0/σ = 1.0, within the

second layer from the wall. This figure shows that ρd(z,R) is strongly structured when

w is small, and that some of the structuring is lost as w increases. In Fig. 8.7 we display

a selection of free energy curves calculated from such density profiles. We find that the

overall shape of the free energy curves stays broadly the same, but the magnitude of the

free energy barrier oscillates as z0 is varied. These oscillations mirror the oscillations

in the equilibrium one-body density profile, as can be seen from the results for the free

energy barrier, displayed in Fig. 8.8. In regions where the local density is low, i.e. in

the troughs between layers, the free energy barrier ∆F (z0) is smaller than the bulk value

∆F (z0 → ∞), whereas within the layers ∆F (z0) is larger than the bulk value.

In order to interpret our results it is necessary to recall the arrangement of the particle

close to the wall – the particles are ordered into layers and the probability of finding a

particle between the layers can be significantly smaller than that of finding it in the layers

– see the strong oscillations in ρ(z) near the wall in Fig. 8.8. That this structuring is

present can also be inferred from the results for F (w, z0) near the wall, which show that

test particles between layers have a lower free energy barrier ∆F to moving than particles

in the layers. Therefore, the particles already in the layers take longer to move away

than the particles between the layers, resulting in alternating layers of densely-packed,

slower particles, and loosely-packed quicker particles. For a test particle at the position
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Figure 8.6: This page and previous page. Plots of the self and distinct density profiles

calculated for a test particle situated in the second layer away from a planar hard wall

at z0/σ = 1.0. The profiles are calculated using the one parameter approximation for

ρs(z,R), Eq. (8.4.4). The profiles correspond to the following values of w: a) w = 0;

b) w/σ = 0.11, which corresponds to the minimum in the free energy curve F (w); c)

w/σ = 0.5, for which F (w) is mid-way between the minimum and the maximum points;

and d) w/σ = 1.0, corresponding to the maximum in F (w). For w = 0, ρd is highly

structured, just as in the bulk case. As w increases, this structuring quickly diminishes.
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Figure 8.7: Free energy curves F (w, z0) calculated using the one parameter approximation,

Eq. (8.4.4), for the hard sphere fluid confined by a single planar hard wall, with bulk density

ρbσ3 = 0.8. F (w, z0) is displayed for various z0, where z0 is the distance of the test particle

from the wall. The curve labelled ‘bulk’ corresponds to the result in the limit z0 → ∞.

The curves are all shifted by subtracting F (w → ∞). The choices of z0 correspond to (i)

the test particle being in the first trough, between the first and second layers (z0/σ = 0.5),

(ii) in the second layer of particles (z0/σ = 1.0), (iii) in the second trough (z0/σ = 1.5),

and (iv) in the third layer (z0/σ = 2.0). All the curves have a similar shape with the

maxima occurring at approximately the same values, but with slightly different values of

w. The major difference between the curves is the depth of the minimum. The minimum

of the curve for z0/σ = 0.5 is above the bulk minimum, whilst for z0/σ = 1 the minimum

is below the bulk minimum. This oscillatory behaviour continues as z0 increases, but with

diminishing magnitude – see also the results displayed in Fig. 8.8. Note also that the value

of w at which the minimum occurs also decreases with increasing z0, tending towards the

bulk value as z0 → ∞.
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Figure 8.8: The free energy barrier, ∆F (z0), for the hard-sphere fluid with bulk density

ρbσ3 = 0.8, confined by a single planar hard wall, plotted against z0, the distance of the

test particle initial position from the wall. The lower solid curve shows the corresponding

equilibrium density profile, ρ(z). This density profile shows there is strong layering of the

fluid at the wall. The points for ∆F (z0) were calculated using the parameterisation of

ρs(z,R) given in Eq. (8.4.4); the dashed line is a guide to the eye. The dotted line gives

the bulk value ∆F (z0 → ∞). The magnitude of the free energy barrier oscillates in phase

with density profile; for particles within the layers, the free energy barrier to escaping is

much larger than the bulk value, whilst for particles that are between layers, the barrier

is smaller than the bulk value. As z and z0 increase the oscillations in the density profile

and barrier height diminishes.
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z0/σ = 0.5 ∆F is around 70% of the bulk value so the time taken for the particle to escape

from its cage, τ , is approximately half that of a particle in the bulk.

However, this calculation does not give any information about the direction the test

particle is most likely to move. By parameterising ρs(z,R) as given in Eq. (8.4.15), allowing

ρs(z,R) to have different widths wR and wz, parallel and perpendicular, respectively, to

the wall, we may address this issue. We examine the free energy landscape as a function

of the independent parameters (ξz, ξR) for two cases. In case a) z0/σ = 1.5, locating the

test particle in the trough between the second and third layers from the wall and case b)

z0/σ = 1, which is situated in the second layer of particles from the wall. We calculate the

free energy for a range of different values of (ξz, ξR). The widths wz and wR are calculated

using Eqs. (8.4.16) and (8.4.17). F (wz , wR) for z0/σ = 1.5, case a), is displayed in Fig.

8.9a. It shares many similarities to the bulk free energy displayed in Fig. 8.5, having a well

defined minimum and a saddle point very close to ξz = ξR (bold solid line) corresponding

to the one parameter approximation for ρs, Eq (8.4.4). The fact that the saddle point is

very close to this line indicates that there is no favoured direction for the test particle to

move away from its initial position. We repeat the calculations for z0/σ = 1, which is

within the second layer from the wall – case b). The resulting free energy landscape is

displayed in Fig. 8.9b). Again there is a well-defined minimum and saddle point. However,

in case b) the saddle point is well removed from the line ξz = ξR (displayed as the bold

line in Fig. 8.9b). The saddle point is shifted in the direction of larger wR and smaller wz.

This indicates a preference for the test particle to move along the layer parallel to the wall.

The most efficient path through this free energy landscape, calculated by fitting a second

order polynomial through the origin, the minimum and the saddle point, is displayed as a

dashed line in Fig. 8.9b. The free energy barrier, ∆F , determined as the difference in free

energy between the minimum and the saddle point, is found to be 0.04kBT smaller than

the value one would obtain following the line ξz = ξR. Thus, in this case, using the one

parameter expression for ρs, Eq (8.4.4), rather than the two parameter expression, Eq.

(8.4.15), leads to an overestimation of the free energy barrier by 0.04kBT .

8.5.4 Fluid confined within a slit

We next consider the hard sphere fluid confined within a slit formed by two parallel

planar hard walls, with an external potential defined by Eq. (8.5.3). We focus here on

three slit widths: H/σ = 3, 3.5, and 4; these cases differ significantly from the one-wall
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Figure 8.9: Contour plots of the free energy landscape F (wz , wR) calculated using the two

parameter approximation for ρs(z,R), given in Eq. (8.4.15), for a test particle located near

a single planar hard wall, plotted as function of the widths wz and wR. The contours are

at intervals of 0.1kBT . Landscape a) is for z0/σ = 1.5, in the second trough from the wall

and landscape b) is for z0/σ = 1.0, in the second layer from wall. The thick solid line in

each denotes the path ξz = ξR, along which one calculates the free energy using the single

parameterisation of ρs(z,R), Eq. (8.4.4). In both a) and b) this line passes through the

minimum. However, only in case a) does it also pass through the saddle point. In case b)

the saddle point is shifted to larger wR and smaller wz. This indicates the test particle is

more likely to diffuse in a direction parallel to the wall in case b). The most probable path

through landscape b), which passes through the saddle point, is denoted by the dashed

line. The difference between the free energy barrier along this path and along the path

ξz = ξR, is ≃ 0.04kBT .
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Figure 8.10: This page and previous page. The distinct and self density profiles for a test

particle located at the midpoint z0/σ = 0.0 of a slit of width H/σ = 4.0 formed by two

parallel planar hard walls. The density profiles are calculated using the one parameter

approximation for ρs(z,R), Eq. (8.4.4). We display results for the following widths w: a)

w ≃ 0; b) w/σ = 0.1, which corresponds to the minimum in F (w); c) w/σ = 0.5, for which

F (w) is mid-way between the minimum and the maximum points; and d) w/σ = 0.95,

at the maximum of F (w). As in the one-wall case, ρd(r, w = 0) is a highly structured

function, but as w increases, the structuring diminishes.
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Figure 8.11: Top figure: The equilibrium density profiles ρ(z) for a fluid confined between

two planar walls, separated a distance H/σ = 4, 3.5, and 3 (using solid, dashed and

dotted lines respectively) plotted versus z, the distance from the mid point. The density

profiles are calculated for a fluid coupled to a bulk fluid reservoir with density ρbσ3 = 0.8.

Bottom figure: The free energy barriers ∆F (z0) corresponding to the three cases in the

top figure, plotted versus z0, the starting location of the test particle, calculated using

the one parameter approximation for ρs(z,R), Eq. (8.4.4). The lines in this figure are

merely guides for the eye, using the same line style conventions as in the top figure. The

oscillatory density profiles in the top figure exhibit strong layering behaviour, induced by

the planar confinement and have a large peak at contact with the wall, indicating the

presence of an adsorbed layer at the wall. In the lower figure, we see the magnitude of

the free energy barrier also oscillates around the bulk value (displayed as the horizontal

dashed line), mirroring the oscillations in the density profiles.
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case addressed in the previous subsection which is formally recovered for H/σ → ∞.

We also avoid slits that are even more narrow, because as H → σ it is hard to justify

approximating ρs(z,R) by either Eq. (8.4.4) or Eq. (8.4.15). In Fig. 8.11 we display the

equilibrium density profiles for a fluid coupled to a reservoir with bulk density ρbσ3 = 0.8.

These density profiles exhibit strongly adsorbed layers in contact with the walls and further

density oscillations within the slit. For the H/σ = 3 and H/σ = 4 cases there are one and

two inner layers respectively. For the case of H/σ = 3.5 there are two inner peaks in the

density profile, separated roughly σ/2 apart, and having a peak height much lower than

the peaks in the H/σ = 3 and H/σ = 4 cases, indicating that instead of there being two

well-defined layers, there is a single broad central layer. The free energy barriers calculated

using the one parameter approximation for ρs(z,R), Eq. (8.4.4), for these three cases are

shown in Fig. 8.11. As in the case of one wall, we find that the free energy barrier is

much larger than the bulk value for particles within a layer and is smaller than the bulk

value for particles located between layers; we find oscillations in the free energy barrier

that reflect the oscillation in the density profiles. Thus, for H/σ = 3 and H/σ = 4, ∆F

strongly oscillates around the bulk value, reflecting the strong oscillations in the density

profile. However, for H/σ = 3.5, the broadening of inner layers is reflected in the variation

of ∆F (z0). In fact, the energy barrier is almost constant in value between z0 = ±σ/2,
being approximately equal to the bulk value.

Finally, in Fig. 8.12 we display two free energy landscapes for a test particle confined in

the slit of width H/σ = 4, calculated using the two parameter approximation for ρs(z,R),

Eq. (8.4.15). Due to the confinement, the perpendicular width of ρs, wz, cannot exceed

the value wz(ξz → ∞) =
√

1
6(H − 1)2 + z2

0 , where ξz is defined in Eq. (8.4.15). In Fig.

8.12a we display the free energy landscape for a test particle located at the mid-point of

the slit (z0/σ = 0), which lies between two particle layers. In Fig. 8.12b we display the free

energy landscape for a test particle located within one of the inner layers, at z0/σ = ±0.5.

The line ξz = ξR, along which the the free energy is calculated using the one-parameter

approximation for ρs, is shown by the thick solid line. In case a), where z0/σ = 0, this line

passes through the minimum and almost exactly through the saddle point. This indicates

that there is no preferred direction for the test particle to move. For a test particle located

at z0/σ = ±0.5, the path ξz = ξR does pass through the minimum but it does not pass

through the saddle point. The saddle point is shifted to smaller values of wz and larger

values of wR. As in the case of one wall, this shows that the test particle is more likely
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Figure 8.12: Same as Fig. 8.9, but in this case for test particles confined between two

planar hard walls forming a slit of width H/σ = 4. In a) the test particle has initial

location z0/σ = 0, situated at the mid-point of the slit and lying between two of the

particle layers. In b) z0/σ = ±0.5, lying within one of the inner particle layers. Since the

test particle is confined between two walls, the width of ρs in the z direction, wz, can not

exceed a certain value, which depends on the test particle starting position z0. Both a)

and b) are broadly similar to the free energy landscapes displayed above. In both, the

thick solid line denotes the line ξz = ξR, the line along which one calculates F (w) using

the one parameter approximation for ρs(z,R), Eq. (8.4.4). In landscape a) this line passes

from the origin, through both the minimum and the saddle point, indicating there is no

preference for a particle located between the layers to move in any particular direction.

In landscape b) the saddle point is away from this line, indicating that in this case the

test particle is more likely to move parallel to the walls, remaining within the layer, rather

than moving perpendicular to the walls. The dashed line indicates the most likely path

for diffusion. Note that the barrier height along this path is 0.1kBT less than that along

the path ξz = ξR.
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to move in directions parallel to the walls, remaining within the layers. The free energy

barrier at the saddle is lower by 0.1kBT than that along the path ξz = ξR.

8.6 Discussion and conclusions

The purpose of this study was to investigate the dynamics of colloidal liquids via two new

approaches; a truly dynamic theory and an application of equilibrium density functional

theory. We showed that using DDFT we can calculate the van Hove function for a dilute

fluid and the results compared well with those derived from Brownian dynamics simula-

tions. Furthermore, we showed that there exists a system free energy landscape that drives

the particle dynamics. If the density of a fluid is increased so that particles start to become

temporarily trapped by their neighbours then the density profiles no longer evolve in time,

instead remaining in a state corresponding to the test particle being permanently trapped.

In a real fluid there are Brownian fluctuations that allow particle groups to rearrange and

for trapped particles to break free from their cage. However, as not all fluctuations are

accounted for and as there is no stochastic noise term in the present DDFT treatment the

trapped particles can never escape their cage, limiting the applicability of this approach.

Future work could incorporate a stochastic term into the theory in order to provide the

energy fluctuations that normally allow the system to escape from a free energy minimum.

In order study the dynamics in dense fluids where there is particle caging we switched

from DDFT to an approach based on equilibrium density functional theory. We showed

that we could study the evolution of the van Hove function and calculate a closely related

free energy curve beyond the limits of the basic DDFT approach. We used two methods

for calculating the van Hove function from the DFT equations; using the full solution to

the self profile, or approximating it by a parametrised function, in this case a Gaussian.

Using the RY hard sphere functional we found that at low densities the free energy

curves from the two methods were almost identical: Initially monotonically decreasing the

free energy curves develop a minimum at ρb/σ = 0.7 and as ρb increases so the free energy

barrier, ∆F , increases. At a density of ρbσ3 = 0.8 we found that the full solution method

can no longer be applied to calculate the whole free energy curve, and instead we find two

meta-stable branches. The significance of these findings is not completely understood and

therefore further work is required. One theory is that it is related to dynamic heterogeneity

in the system; that some of the particles are caged by their neighbours, but that others
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are free to move through the network of jammed particles. Therefore, there is no longer

a universal free energy curve that applies to the entire system but that there may be

at least two, with different free energy barriers. Particles that are jammed experience

a higher average free energy barrier than those that are relatively free to move. This

dynamic heterogeneity may be related to a spatial variation in local densities, the jammed

particles being more highly packed than the free particles. This may provide a means

by which we may investigate the dynamics heterogeneities; by assuming that the free

particles experience a free energy landscape appropriate to a lower density bulk fluid, and

that the jammed particles experience a free energy landscape related to a solid (glass or

crystal) structure. This is all, however, purely speculative and further investigation and

calculations are required.

For the remainder of the study we use only the Gaussian parameterisation. We found

that beyond a density of ρbσ3 ≃ 0.7 the free energy barrier increased very rapidly ap-

proaching almost 11kBT at ρbσ3 = 0.9. We previously proposed a criterion [127] for when

a highly dynamically arrested fluid could be considered a glass, suggesting that a barrier

height of 10kBT would be an appropriate definition. Using this criterion we find that the

hard sphere fluid undergoes a glass transition at ρb
gσ

3 ≃ 0.9, however we are aware that

this definition, and our density functional treatment experiences a number of problems.

The primary difficulty is that by definition the transition from a liquid to a glass requires

some form of ergodicity breaking, however density functional theory assumes that the

system is ergodic. If we instead assume that we can model the fluid system up to a glass

transition, we still require a measurable criterion that uniquely defines the glass transition.

Conventionally this is defined as the temperature or density where the viscosity is equal to

1013P. Since this definition cannot be applied to our current model an analogous criterion

must be constructed.

Our approach to the free energy barriers is well founded within the theory of fluids.

For example the non-classical nucleation theory of Oxtoby and Evans for the gas-liquid

transition uses density functional theory to analyse the energy barrier of a liquid droplet

forming in the co-existing vapour [132]. They compare the so-called classical theory with

a density functional approach where the liquid droplet is described by a density profile

that is allowed to vary freely. Using DFT they find the density profile of a liquid droplet

in equilibrium with an oversaturated gas at a given chemical potential, and find the free

energy barrier to this droplet forming.
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For inhomogeneous systems we presented two different ways to parameterise the test

particle density distribution function ρs(z,R) [given in Eqs. (8.4.4) and (8.4.15)] in order to

explore the shape of the free energy landscape as a function of these parameters. Analysing

both one and two planar hard wall geometries we showed that the free energy barrier

varies in-phase with the one-body density profiles. Our results for the inhomogeneous

barrier height profiles (Figs. 8.8 and 8.11), show that the barrier height is approximately

proportional to the local density away from the walls. However, as z0 approaches the walls

the energy barrier is lower than one might expect based on the local density. It could be

that the Gaussian parametrisation of ρs(r, w) may not be applicable very close to the wall

or that in the system we study; a planar, featureless hard wall, the free energy barrier is

actually much lower at the wall. This would mean that at the wall the particles exhibit

very little caging, and are more free to move. In order to verify which of these is correct

we would need to implement method A for the inhomogeneous scenarios.

Our study of the confined fluid may be readily compared to other studies that consider

the effects of confinement on the dynamics and other properties of the hard sphere fluid.

Using Monte Carlo simulation Mittal et al. [117, 118] studied the average self-diffusivity

of hard-spheres confined to slits of differing widths. They find that the average diffusivity

only departs from the bulk value at high densities and in very narrow slits. For the

slit widths and densities we study they do not expect to see differences in the average

diffusivity, but they do not investigate the local diffusivity. We could obtain an average

barrier height from our calculations by integrating over the product of the local density,

and the local barrier height. However as we are not confident about the barrier height

close to the wall where there is a dense layer of particles this calculation is inappropriate.

Finally we showed that by using a Gaussian parametrisation of the self correlation

function with independent expansion coefficients the free energy barrier can be determined

as a function of the test particle escape direction. We argued that the most probable escape

direction coincided with the saddle point on the free energy barrier, and that this criteria

could be used to test if a test particle was more likely to move along a layer, parallel to

the walls, or perpendicular to the walls. In both inhomogeneous situations we showed

that for particles between layers there is no preference, while for particles in layers their

is a preference for motion along the layer. Again this result seems intuitive; particles that

are between layers are disrupting the local order and are free to move in any direction to

restore that order. Particles within the layers are already in a favourable z position, and
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so they are more like to move along the layer.

This results seems to be reflected in experiments. Nugent et al. [104] investigated a

colloidal suspension with two particle sizes confined between quasi-parallel walls. Using

confocal microscopy they found that the motion was slower in confinement. Most notably

they investigated the motion of the particles parallel and perpendicular to the walls,

measuring the average mean square displacement (MSD) in the three Cartesian directions.

They find that the MSD perpendicular to the walls varies out of phase with the local

density, though the MSD parallel to the wall is constant across the slit. This certainly

agrees with our predictions though a direct comparison is not possible as we have studied

a one-component system.

There are a number of areas which are open for study. Firstly both approaches would

benefit from a more sophisticated hard-spheres functional, though it is essential that the

t → 0 localisation of the test particle is treated correctly. Therefore one would require a

functional that is appropriate in the zero dimensional cavity limit [133]. Within the DDFT

approach the inclusion of a stochastic term would enable the true dynamic behaviour of

the van Hove functions and the free energy as a function of time to be investigated even

in highly jammed systems. This would require averaging over many realisations of the

stochastic term in order to study the size and frequency of the system energy fluctuations

required to overcome the barrier. With regard to the DFT approach the most significant

task is to understand the processes that are occurring in the fluid at high densities which

depends on using the full solution to the self density profile. Although the Gaussian

approximation has proved useful it is expected to be inappropriate for high densities and

substantial inhomogeneities, particularly close to walls etc. There have been attempts

to develop more accurate parameterisation of Gs(r, t) which could be included into our

theory [134], but they are unlikely to explain dynamic heterogeneity or be suitable for

inhomogeneous fluids. Therefore using the full solution to ρs(r, w), a more accurate hard

sphere functional, and an efficient DFT numerical scheme the predictions of this chapter,

or another parametrisation scheme, could be verified. With these improvements and a

robust criterion for establishing the glass transition it is hoped that this theory could be

expanded and the results compared to the predictions of other theories, simulations and

experiments.
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Final Remarks

We conclude by summarising the physical significance of our results, and the direction

of future work. In Chap. 5 we investigated a simple point Yukawa model for charged

colloidal suspensions, and dusty plasmas. In the one component fluid there is a cross-over

in the ultimate decay of the pair correlation functions from monotonically decreasing to

oscillatory via the Kirkwood crossover mechanism. For the binary fluid point Yukawa fluid

we showed that, given a suitable set of interaction parameters, the model phase-separates

into two fluid phases. Furthermore, the asymptotic, r → ∞, decay of the correlation

functions decreases monotonically for all mixture state points. Close to the pure species

axes, x2 → 0 or x2 → 1, we showed that there is a continuous change from the oscillatory

decay in the pure fluid to the monotonic decay of the binary fluid. Although it is not easy to

detect the ultimate decay of the distribution functions in either experiment or simulations

we expect that one may investigate the Kirkwood cross-over and the continuous cross-

over in the pure fluid limits by studying other properties of the system. For most fluid

observables the cross-over from monotonic to oscillatory decay as x2 → 0 or x2 → 1 is

mediated in the majority species by a decreasing amplitude of the monotonic contribution,

and in the minority species by a decreasing species concentration. However for some

fluid properties this behaviour does not apply and instead as x2 → 0 or x2 → 1 the

ultimate decay is still monotonic. In particular we focus on the effective potential between

two large particles immersed in a sea of smaller particles, φeff
BB(r), which is the sum of

contributions from the bare interaction, and the solvent mediated potential arising from

the interactions with the fluid. This quantity is given by βφeff
BB(r) = − ln(gBB(r)), which

includes contributions from the monotonic poles. The contributions can give rise to an
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effective attractive interaction between the big particles and this is further investigated in

Ref. [53].

In Chap. 6 we investigated the wetting behaviour of the binary point Yukawa fluid

at planar repulsive walls using a simple functional that generates the random phase ap-

proximation correlation functions. We showed that there is a first order transition from

partial wetting to complete wetting. Such a transition was also found using a DFT based

on the more accurate hyper-netted chain approximation but this study is not reported in

the thesis. The work in this chapter was partly inspired by Sullivan’s treatment of the one

and two component hard sphere plus attractive Yukawa tail models [55, 56]. The latter

models yield density profiles that may be calculated from ordinary differential equations

that allows the characterisation of the wetting regimes, and more significantly the analytic

investigation of the correlations between particles parallel to the interface [58]. In par-

ticular the model yields analytical transverse correlation moments, and indicates where

singularities arise. However, as we showed in Chap. 6 this method could not be directly

applied to the point Yukawa model. It is, however, quite simple to calculate the transverse

correlations pertaining to the binary point Yukawa fluid model from the inhomogeneous

Ornstein-Zernike equations. We have done such calculations but have not presented re-

sults here. Out of coexistence these correlations follow Ornstein-Zernike behaviour but at

coexistence, in the free-fluid interface, they diverge to ±∞ as the transverse wave-vector,

Q → 0, as expected from other investigations.

In Chap. 7 we investigated the interactions between a large model colloidal particle

and a fluid interface. We used the binary point Yukawa fluid and found that the system

exhibited a first-order like transition, and that there was a very large attractive interaction

between the interface and the particle. The model, and the parameters were chosen in order

to simplify the calculation of the density profiles and the effective interactions. We expect

that these results are representative of a general phenomenon. We aim to combine it with

similar studies on the interactions between two large particles in a otherwise homogeneous

fluid. It is clear that the brute force method does not scale well with an increasing

number of particles or interfaces. It is possible that we may apply this method to three

body systems, for example one planar interface and two particles, which has three degrees

of freedom. However it is expected that this would be the limit for a full, brute force,

entire parameter space investigation. Instead one could apply the results from the two

and three body interactions to investigate the multi-particle states using a parameterised
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set of density profiles. In any case it is necessary that we apply the methods we have

developed here to a system where there are simulation and experimental results, so that

we may test the results of our theories.

Finally in Chap. 8 we introduced a method for calculating the dynamic van Hove

correlation functions using dynamical density functional theory, and equilibrium density

functional theory. We showed that these results may be easily applied to a number of fluid

models, and to both bulk and inhomogeneous scenarios. We showed that the DDFT could

easily be applied to low density systems where the dynamics is freely diffusive. However,

in its current state the theory is not able to be applied to dense systems where the particles

get trapped by their neighbours. This is because not all fluctuations are accounted for,

and so one must introduce a term into the dynamical density treatment which models

these fluctuations in the one-body density profiles. However, this requires averaging over a

number of runs, and over a range of random field strength parameters. We also developed a

framework based on equilibrium density functional theory, and showed that this is capable

of calculating the correlation functions and free energy landscape even in dense systems.

For many of the results in Chap. 8 we introduced a further approximation, namely that

the self correlation function takes the form of a Gaussian. Although this approximation

is accurate at low densities, ultimately it may be inadequate at high densities. There are

preliminary results showing that the correlation function that truly minimises the free

energy exhibits a complex behaviour akin to a gas-liquid transition, which may be related

to dynamic heterogeneity in the dense liquid. To investigate this behaviour further we

require a much more accurate hard sphere density functional that correctly models single

particle confinement, for example Ref. [133]. However, in the present studies we have

restricted ourselves to the Gaussian approximation and showed that it may be easily

generalised to inhomogeneous systems. In particular for a system of hard spheres confined

at one and two planar hard walls we showed that the mobility varies in phase with local

density and that there is a preference for particles in layers to diffuse along the layers.

These predictions can be compared to experimental and simulation results, and we have

found some agreement. It is hoped that these approaches will ultimately provide insights

into liquid jamming, and glass forming processes comparable, and complementary to mode

coupling theory and other techniques.
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Appendix A

General Behaviour of Spinodal

Pole as x2 → 0

Here we show that the results for the spinodal pole and the amplitudes A−
ij , Eqs. (5.3.10)

and (5.3.11), in the limit x2 → 0 are not specific to the RPA but follow generally from

the form of the direct correlation functions for Yukawa mixtures. For a fuller account see

Ref. [53].

Making the separation of the cij(r) given by Eq. (5.3.7) and substituting into Eq. (5.2.2)

we obtain

D(q) = a+
b

p
+

c

p2
, (A.0.1)

where

p = q2 + λ2,

a = [1 − ρ1c
sr
11(q)][1 − ρ2c

sr
22(q)] − ρ1ρ2[c

sr
12(q)]

2

b = [1 − ρ1c
sr
11(q)]ρ2α22 + [1 − ρ2c

sr
22(q)]ρ1α11 + 2ρ1ρ2c

sr
12(q)α12,

c = ρ1ρ2(α11α22 − α2
12) (A.0.2)

and αij = 4πMij/λT
∗. The poles are given by the solution to the equation D(q) = 0.

From equation (A.0.1), we see that one set of solutions is given by

p± = −(b±
√

b2 − 4ac)/2a. (A.0.3)

a and b are functions of q. However, Eq. (A.0.3) leads to purely imaginary poles at

q± = iα0 = i
√

λ2 − p±, provided we assume that the functions csrij (q) are well behaved
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(finite and differentiable) on the imaginary axis around q±. The leading order pole is that

corresponding to p−, which in the limit of vanishing density ρ2 = 0 (i.e. c = 0) yields a

pole at q = iλ, giving a decay rhij(r) ∼ A−
ij exp(−λr), where the amplitudes A−

ij are to

be determined below. For small concentrations of species 2 we can Taylor expand p− in

powers of c, giving

p− = − c

ρ1α11
+

(

c(b− ρ1α11)

ρ2
1α

2
11

− ac2

ρ3
1α

3
11

)

+O(ρ3
2). (A.0.4)

We find that in the limit ρ2 → 0, p− ∼ −(α22 − α2
12/α11)ρ2. Thus the leading order pole

has

α−
0 = λ

(

1 − α11α22 − α2
12

2λ2α11
ρ2

)

+O(ρ2
2), (A.0.5)

which is identical to the RPA result in Eq. (5.3.10).

The amplitude, A−
ij is given by:

A−
ij =

q−Nij(q−)

2πD′(q−)
, (A.0.6)

where the prime denotes the derivative with respect to q and the functions Nij(q) are

given in Eq. (5.2.3). From Eq. (A.0.1) we find that

D′(q) = a′ +
b′

p
− 2qb

p2
− 4qc

p3
. (A.0.7)

In the limit ρ2 → 0, using (A.0.4), we find that D′(q−) = 2q−b/p
2
−+other terms less

singular in ρ2. Using this result, we can expand in Eq. (A.0.6) to obtain the amplitudes

A−
ij in the limit ρ2 → 0. We find that the leading order terms are precisely the RPA results

given in Eq. (5.3.11) – i.e. in the limit ρ2 → 0 the amplitudes A−
ij are independent of the

functions ĉsrij (q).
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Origin of the Core Violation

In hard sphere systems the following core condition holds: that ρd(r, r0, w = 0) = 0 for

|r − r0| < σ. This condition arises due to the hard sphere exclusion region around the

test particle. In this Appendix we show the origin of the violation of this core condition

in our approximation for ρd(r, r0, w = 0). When we obtain this density profile by solving

Eq. (8.2.16) in conjunction with the RY approximation for Fex[ρs, ρd], Eq. (8.5.1), we find

that ρd is small but non-zero in the region |r− r0| < σ.

We note that for w = 0, the density profile for the test particle (species s) is given by

Eq. (8.4.1) and that for w = 0 the fictional external potential u∗d(r) = 0. Combining Eqs.

(8.5.1) and (8.2.16), we obtain the following:

ρd(r, r0, w) = Λ−3 exp

[

βµd − βuext(r) − βf ′ex(ρb)

+

∫

dr′c(r − r′)ρs(r
′)

+

∫

dr′c(r− r′)(ρd(r
′) − ρb)

]

(B.0.1)

Now, recall that a test-particle calculation involves fixing one of the particles at r0, treating

it as an external potential, and then determining the density profile of the fluid (species

d) under the influence of this and any other external potentials. Doing this, using the RY

approximation for Fex[ρs, ρd] (8.5.1), we obtain the following:

ρd(r, r0) = Λ−3 exp

[

βµd − βuext(r) − βf ′ex(ρb)

+βv(r0) +

∫

dr′c(r − r′)(ρd(r
′) − ρb)

]

. (B.0.2)
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Comparing equations (B.0.1) and (B.0.2), we see that Eq. (B.0.1) is merely Eq. (B.0.2)

with the external potential v(r0) replaced by the effective potential:

βv∗(r) = −
∫

dr′c(r − r′)ρs(r
′). (B.0.3)

In the w = 0 limit, when ρs(r) = δ(r − r0), we then obtain:

βv∗(r) = −c(r − r0). (B.0.4)

It is a consequence of this RPA-like approximation, and the fact the Ramakrishnan-

Youssouff functional is an expansion around a reference fluid, that the core condition is

violated. We expect the core condition to be violated, to some extent, by all approximate

functionals. In fact, we believe that the degree to which the core condition is violated could

be used as an indicator towards the reliability of any approximate free energy functional.
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[43] J.P. Hansen and H. Löwen, Ann. Rev. Phys. Chem. 51, 209 (2000).

[44] A. Piel and A. Melzer, Adv. in Space Res. 29, 1255 (2002).

[45] P. Hopkins, A.J. Archer, and R. Evans, Phys. Rev. E 71, 27401 (2005).

[46] W. Daughton, M.S. Murillo, and L. Thode, Phys. Rev. E 61, 2129 (2000).

[47] R. Evans, R.J.F. Leote de Carvalho, J.R. Henderson, and D.C. Hoyle, J. Chem.

Phys. 100, 591 (1994).

[48] G.A. Martynov, Fundamental Theory of Liquids: Method of Distribution Functions

(A. Hilger, Bristol, 1992).

[49] R.J.F. Leote de Carvalho, R. Evans, and Y. Rosenfeld, Phys. Rev. E 59, 1435 (1999).

[50] G. Gompper and M. Schick, Phys. Rev. B 41, 9148 (1990).

[51] R.M. Hornreich, R. Liebmann, H.G. Schuster, and W. Selke, Z. Phys. B 35, 91

(1979).

[52] C. Caccamo, Phys. Rep. 274, 1 (1996).

[53] A.J. Archer, P. Hopkins, and R. Evans, Phys. Rev. E 74, 10402 (2006).



156 BIBLIOGRAPHY

[54] J.S. Rowlinson, Physica A 156, 15 (1989).

[55] D.E. Sullivan, Phys. Rev. B 20, 3991 (1979).

[56] D.E. Sullivan, J. Chem. Phys. 77, 2632 (1982).

[57] R. Evans and A.O. Parry, J. Phys.: Condens. Matter 1, 7207 (1989).

[58] P. Tarazona and R. Evans, Mol. Phys. 47, 1033 (1982).

[59] J.C. Butcher, The numerical analysis of ordinary differential equations: Runge-

Kutta and general linear methods (Wiley-Interscience, New York, 1987).

[60] R. Evans, J.R. Henderson, D. C. Hoyle, and Z. A. Parry, A. O.and Sabeur, Mol.

Phys. 80, 755 (1993).

[61] J.M. Brader, R. Evans, M. Schmidt, and H. Löwen, J. Phys.: Condens. Matter 14,
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